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N-MANIFOLDS OF DEGREE 2 AND METRIC DOUBLE 
VECTOR BUNDLES. 


M. JOTZ LEAN 


Abstract. This paper shows the equivalence of the categories of A-manifolds 
of degree 2 with the category of double vector bundles endowed with a linear 
metric. 

Split Poisson A-manifolds of degree 2 are shown to be equivalent to self¬ 
dual representations up to homotopy. As a consequence, the equivalence above 
induces an equivalence between so called metric VB-algebroids and Poisson 
A-manifolds of degree 2. 

Then a new, simple description of split Lie 2-algebroids is given, as well 
as their “duals”, the Dorfman 2-representations. We show that Dorfman 
2-representations are equivalent in a simple manner to Lagrangian splittings 
of VB-Courant algebroids. This yields the equivalence of the categories of Lie 
2-algebroids and of VB-Courant algebroids. We give several natural classes, 
some of them new, of examples of split Lie 2-algebroids and of the corresponding 
VB-Courant algebroids. 

We then show that a split Poisson Lie 2-algebroid is equivalent to the 
“matched pair” of a Dorfman 2-representation with a self-dual representation 
up to homotopy. We deduce a new proof of the equivalence of categories of LA- 
Courant algebroids and Poisson Lie 2-algebroids. We show that the core of an 
LA-Courant algebroid inherits naturally the structure of a degenerate Courant 
algebroid, as a kind of bicrossproduct of the Poisson bracket and the Dorfman 
connection defined by a Lagrangian splitting. This yields a new formula to 
retrieve in a direct manner the Courant algebroid found by Roytenberg to 
correspond to a symplectic Lie 2-algebroid. 

Finally we study VB- and LA-Dirac structures in VB- and LA-Courant 
algebroids. As an application, we extend Li-Bland’s results on pseudo-Dirac 
structures and we construct a Manin pair associated to an LA-Dirac structure. 
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1. Introduction 


Lie and Courant algebroids are differential geometric objects that are useful in 
encoding infinitesimal symmetry. Lie algebroids generalise tangent bundles and Lie 
algebras. They were originally defined by Jean Pradines m as the infinitesimal 
counterpart of Lie groupoids, just as Lie algebras describe Lie groups infinitesimally. 
The integration of Lie algebroids to Lie groupoids has only been fully understood 
around ten years ago, in seminal papers of Crainic and Fernandes [5] and Cattaneo 
and Felder 

The standard Courant algebroid over a manifold was discovered in the late eighties 
by (Ted) Courant in his study of Dirac structures [6] . He had earlier discovered Dirac 
structures with his adviser Weinstein [7]; Dirac structures arose from Dirac’s theory 
of constraints and encompass Poisson structures, closed two-forms, and regular 
foliations [3]. A few years later, Liu, Weinstein and Xu defined general Courant 
algebroids and showed that the “bicrossproducts” of Lie bialgebroids are examples 
of Courant algebroids [5T]. The standard Courant algebroids over smooth manifolds 
turned out to be crucial in Hitchin’s definition of generalised complex structures [14], 
which were then further developed by his students Cavalcanti and Gualtieri [T5] . 
Severa described in |35j how the standard Courant algebroid describes symmetries 
of variational problems. 

Despite a great and growing interest in Courant algebroids, still little is known 
about them. The two main goals in their study are now their integration, and 
understanding their representation theory. The main tool for investigations in that 
direction is the well-known, but rather complicated, equivalence between Courant 
algebroids and symplectic Lie 2-algebroids. One of the features of this paper is a 
thorough explanation of this equivalence, in a very simple and innovative manner. 


Lie 1- and Lie 2-algebroids. For clarity let us recall a few definitions. An N-graded 
manifold A4 of degree n and dimension (p; ri,..., r„) is a smooth p-dimensional 
manifold M endowed with a sheaf C°°{Ai) of N-graded commutative associative 
unital K-algebras, which can locally be written as 


with of degree i. For instance, an N-graded manifold of degree 1 is just a locally 
finitely generated sheaf of (^“(Mj-modules, hence canonicaly isomorphic to the set 
of sections of a vector bundle: C°°{A4) = T{A*E*) for a vector bundle E -A M. On 
a local chart U of M trivialising A, we have coordinates xi,..., a;„, i.e. functions of 
degree 0 on AI. We also have local basis sections ei,..., of A and the dual local 
basis sections ^i,...,of A*; which are seen as functions of degree 1 on AI. 

A vector field of degree j on an N-graded manifold is a graded derivation that 
increases the degree by j. An AQ-manifold of degree 1 is an N-graded manifold A4 
of degree 1, with a vector field Q of degree 1 that commutes with itself; [Q, Q] = 0. 
The vector field Q is then called a homological vector field. Take again an 
A-manifold of degree 1, i.e. = r(A*A*) for a vector bundle E over M and 

take a trivialising chart U C M for E. The vector fields have degree 0 and the 
vector fields dj. have degree —1. Assume that E has a Lie algebroid structure with 
anchor p: E ^ TM and bracket [•,•], and define Q on AI by 


nr r r 

i=l j=l i<j k=l 


(1) 
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A quick degree count shows that Q has degree 1. Let us check that Q o Q = 0, 
i.e. that Q is a homological vector field. First note that / G C°°(U) is sent by Q to 

Qif) = EU = P*^f- Then 


2'(/) = 2 




i=i 

r r 


i=i 


S<.t 


= EE P(es)p(et)(/)?s6 - E et](/)^s^t 


sKt 


which vanishes since p[es,et] = [p{es), p{et)]. Then we find that Q{^k) equals 
“ I]i<j([ei>ej],Cfc)^iO- As an element of r(A^A*), this is ds^k, where is 
the operator defined on r(A*A*) by the Lie algebroid structure on E. A similar 
computation as the one above shows that the Jacobi identity implies Q^{^k) = 0 for 
all k. Thus we have found that a Lie algebroid structure on E defines a homological 
vector field Q = d^; on the corresponding N-manifold of degree 1. 

Conversely, any homological vector field Q on a degree 1 graded manifold can be 
written as +J2ijk with smooth functions G C°°{U). 

Setting /d = p[ej){xi) and g^.]^^^d extending using the Leibniz 

identities defines then locally a Lie algebroid structure on E\ij, which can further be 
checked to be global since Q does not depend on the local coordinates. Hence, NQ- 
manifolds of degree 1 are equivalent to Lie algebroids. This result, due to Arkady 
Vaintrob [35]; is the reason why A^Q-manifolds of degree 1 are called Lie 1-algebroids 
and A^Q-manifolds of degree n > 1 are called Lie n-algebroids. Let us describe yet 
another way to get the Lie algebroid structure from the homological vector field 
Q. A study of Equation 0 shows that [Q,e](/) = p(e)(/) and [[Q,e],e'] = [e,e'], 
if e G T{E) is identified with the graded vector field e of degree —1 that sends 
^ G r(£’*) to (e,^) and / G C°°{M) to 0. The Lie algebroid structure is hence 
derived from the homological vector field. 


We now turn to the case of degree 2 N-manifolds, and in particular the one of 
Lie 2-algebroids. The equivalence between symplectic degree 2 N-manifolds and 
vector bundles with a metric, and the one between symplectic Lie 2-algebroids and 
Courant algebroids are due to Dmitry Roytenberg [34]. Li-Bland established in his 
thesis correspondences between Lie 2-algebroids and VB-Courant algebroids and 
between Poisson Lie 2-algebroids and LA-Courant algebroids m- 

These correspondence are full of insight, but are not explained in the literature as 
concretely as the one of NQ-manifolds of degree 1 with Lie algebroids. This paper 
geometrises N-manifolds of degree 2: We find an equivalence between the category 
of N-manifolds of degree 2 and double vector bundles endowed with a linear metric. 
Then we deduce correspondences between geometric structures on both sides. 
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Metric double vector bundles. A double vector bundle is a commutative square 






9b 


A - 

QA 


of vector bundles such that the structure maps of the vertical bundles define 
morphisms of the horizontal bundles. Each of the vector bundles D ^ A and 
D B has very useful sections to work with; the linear and the core sections. Take 
a triple A, B, C of vector bundles over a smooth manifold M. Then the fibre-product 
Axm B XmC has a vector bundle structure over A given by (a, b, c) +a {a, b', c') = 
{a,b + b',c + c'), and similarly a vector bundle structure over B. This defines 
a commutative square as above and thus a double vector bundle structure on 
A Xm B XmC —>■ B. This type of double vector bundle is called decomposed. 
Any double vector bundle is non-canonically isomorphic to a decomposed one. A 
VB-Courant algebroid is a double vector bundle (D, B, A, M) with a Courant 
algebroid structure an. D ^ B that is linear, i.e. compatible with the other vector 
bundle structure on D. An LA-Courant algebroid is a VB-Courant algebroid 
with an additional Lie algebroid structure on D ^ A that is linear, i.e. compatible 
with the vector bundle structure on Z) —>■ B, and that is also compatible with the 
Courant algebroid structure in a sense that is explained in detail in this paper. 

Up to now, the homological vector fields and the symplectic and Poisson structures 
corresponding to Courant algebroids and VB-Courant algebroids have never been 
written in coordinates as we do it in Q for Lie 1-algebroids, and even the construction 
of these structures as derived structures from the homological vector field was not 
straightforward in practice. We remedy to this by giving a simple description of the 
VB-Courant algebroid that is defined by a Lie 2-algebroid, and vice-versa. More 
precisely, this paper explains in detail how to construct a decomposed VB-Courant 
algebroid from a split Lie 2-algebroid. In order to do this, we give a simplified 
definition of split Lie 2-algebroids. 

Our main result, advertised in the title of this paper, is an explicit equivalence 
between the category of degree 2 N-manifolds with a category of double vector 
bundles with a linear non-degenerate pairing over one of their sides. We call the latter 
metric double vector bundles. From this theorem follow many enlightening 
results on geometric structures on degree 2 N-manifolds and on their counterparts 
on metric double vector bundles, reflecting equivalences between the category of 
Poisson degree 2 N-manifolds and the category of metric VB-algebroids, between 
the category of Lie 2-algebroids and the category of VB-Courant algebroids, and 
between the category of Poisson Lie 2-algebroids and the category of LA-Courant 
algebroids. 


Self-dual representations up to homotopy, Dorfman 2-representations, etc. We prove 
along the way that split Poisson N-manifolds of degree 2 are equivalent to self¬ 
dual 2-term representations up to homotopy, that split Lie 2-algebroids are dual to 
Dorfman 2-representations, which resemble very much 2-term representations up 
to homotopy and demonstrate how Lie 2-algebroids can really be understood as 
Lie algebroids up to homotopy. We then find a new way of checking if a Poisson 
bracket of degree —2 on an N-manifold of degree 2 is invariant under a homological 
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vector field, making the N-manifold into a Poisson Lie 2-algebroid. In any splitting 
of the underlying TV-manifold, the self-dual representation up to homotopy and the 
Dorfman 2-representation defined by the Poisson structure and the homological 
vector field, respectively, have to form a matched pair, the definition of which 
resembles the one of matched pairs of 2-term representations up to homotopy m- 
This provides on the classical side a new and much simpler way of defining LA- 
Courant algebroids, and using the result in shows immediately that LA-Dirac 
structures in LA-Courant algebroids are double Lie algebroids. 

We exhibit several new examples of (Poisson) Lie 2-algebroids, and show in 
particular that the bicrossproduct of a matched pair of 2-term representations up 
to homotopy is a split Lie 2-algebroid (see Theorem 55), just as the bicrossproduct 
of a matched pair of Lie algebroid representations is a Lie algebroid. This result 
is independently interesting, because it finally unifies in a natural framework the 
two notions of double of a matched pair of representations. A matched pair of 
representations of two Lie algebroids A and B over M defines a Lie algebroid 
structure on A © i? [29], sometimes called the double of the matched pair, but 
called here the bicrossproduct of the matched pair. The matched pair defines also a 
double Lie algebroid Ax B with sides A and B and trivial core. This double Lie 
algebroid is called the double of the matched pair. Similarly, we know now that a 
matched pair of 2-term representations up to homotopy has a split Lie 2-algebroid 
as bicrossproduct, and a decomposed double Lie algebroid as double. The split Lie 
2-algebroid is exactly the N-geometric counterpart of the VB-Courant algebroid that 
is equivalent to the double Lie algebroid. The case of matched pair of representations 
and their bicrossproducts and doubles are in fact a special (degenerate) case of this 
more general equivalence; namely the one of a linear Courant algebroid over a trivial 
base. 

We find as well that a matched pair of 2-term representations up to homotopy 
defines in a less conventional, but still very natural manner two Poisson Lie 2- 
algebroids. 

In Figure [2 is a table of all the classical differential geometric objects that we 
encounter in this paper. The ordinary arrows are the obvious forgetful functors. 
The snake arrows correspond to constructions in j 6.4.4| (and p.4.2 ) and (7.3.3 We 
do not discuss these arrows as functors, but it would be a good exercise to do so. 
Note that the triangle on the bottom left does not commute; we exhibit two different 
constructions of a VB-Courant algebroid and of an LA-Courant algebroid from a 
double Lie algebroid. The hooked arrows are embeddings. In Figure is a very 
similar table, with the N-geometric counterparts of the objects in Figure]^ 

The range of applications of our results culminates in Theorem |7.9[ with a 
new method exhibiting explicitly the Courant algebroid structure arising from a 
symplectic Lie 2-algebroid, and thus contradicting the common wisdom that the 
Courant bracket can only be obtained as a derived bracket from a symplectic Lie 
2-algebroid. The core of the LA-Courant algebroid corresponding to a Poisson Lie 
2-algebroid inherits the structure of a degenerate Courant algebroid, which looks 
like the correction of a Dorfman connection (one of the ingredients of the Dorfman 
2-representation) by the Poisson bracket. In the symplectic case, the Courant 
algebroid is non-degenerate, hence a Courant algebroid in the ordinary sense, and 
exactly the one that is found following Roytenberg’s approach to be equivalent to 
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Figure 1 . Diagrammatic table of the (classical, double) geometric 
objects in this paper. 
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Figure 2. Diagrammatic table of the supergeometric objects in this paper. 


[2]-manifolds 


Cotangent functor 




Symplectic 

[2]-nianifolds 


Lie 2- 


Poisson 

algebroids 


[2]-manifolds 

. 


Matched 
pairs of 2- 
representation;} 



Degenerate 

Courant 

algebroids 




Symplectic “Core” 

Lie 2- <- 

algebroids Tangent functor 


Courant 

algebroids 


the symplectic Lie 2-algebroid. Unsurprisingly, the ambient LA-Courant algebroid 
is nothing else than the tangent double of the Courant algebroid. 

This explains what might seem at first sight confusing in comparing Li-Bland’s 
work with Roytenberg’s results. As symplectic manifolds are special (non-degenerate) 
Poisson manifolds, symplectic Lie 2-algebroids form a special class of Poisson Lie 
2-algebroids. Hence, the “classical” counterparts of symplectic Lie 2-algebroids 






























M. JOTZ LEAN 


should form a subcategory of the classical counterparts of Poisson Lie 2-algebroids. 
We adopt the view (and prove) that symplectic Lie 2-algebroids are in fact equivalent 
to tangent doubles of Courant algebroids, and that the Courant algebroids are in 
fact the core structures emanating from those. 

Original motivation. Let us explain in more detail our methodology and our original 
motivation. A VB-Lie algebroid is a double vector bundle with one side D ^ B 
endowed with a Lie algebroid bracket and an anchor that are linear. The side 
A ^ M then inherits a natural Lie algebroid structure. Take for simplicity a 
decomposed VB-algebroid {AxmBxmC^B,A^ M). Here, linearity of the 
bracket means that the bracket of two core section^ is zero, the bracket of a core 
section with a linear section is a core section, and the bracket of two linear sections 
is again linear. In formulae 

[c\,cl\= 0 , [a\c^] = \'ac\ [01,4] = [01,02]'- i?(ai, 02), 

defining so a linear connection V : r(A) x r(C') —>■ r(C') and a vector valued two-form 
R G Hom(i3, C)). Linearity of the anchor means that the anchor of a linear 

section is a linear vector field on the base B, and that the anchor of a core section 
is a vertical vector field on B. In formulae again 

Poic^) = {dcf, PD{a^) = Va, 

defining so a linear connection V: r(A) x r(H) —)■ r(H) and a vector bundle 
morphism d\ C ^ B. Gracia-Saz and Mehta prove in [12] that the two con¬ 
nections, the bundle map and the vector-valued 2-form are the ingredients of a 
super-representation, also known as 2-term representation up to homotopy. 

The definition of a VB-Courant algebroid is very similar to the one of VB- 
algebroids. The Courant bracket, the anchor and the non-degenerate pairing all 
have to be linear. In 2012 we proved that the standard Courant algebroid over 
a vector bundle can be decomposed into a connection, a Dorfman connection, a 
curvature term and a vector bundle map, in a manner that resembles very much 
the one in |12| . There our original motivation was to prove that, as linear splittings 
of the tangent space TA of a vector bundle E are equivalent to linear connections 
on the vector bundle, linear splittings of the Pontryagin bundle TE (B T* E over E 
are equivalent to a certain class of Dorfman connections [T5| . 

It was then very natural to show that this was in fact a very special case of a 
general decomposition of VB-Courant algebroids, in the spirit of Cracia-Saz and 
Mehta’s result. For very long we worked with general splittings of VB-Courant 
algebroids, exhibiting very promising formulae and objects looking like the “Courant 
counterpart” to 2-term representations up to homotopy. Nonetheless these objects 
were hard to grasp conceptually and to relate to Lie 2-algebroids, which were 
already known to correspond to VB-Courant algebroids. It was only when we 
implemented the idea of working only with maximally isotropic horizontal spaces 
in the metric double vector bundles underlying VB-Courant algebroids, that the 
geometric objects that we had found simplified to what could be called Lie derivatives 

^The sections of A, B and C —>■ M define very useful sections of the double vector bundle 
A X]if B Xm C'. a section a S r(A) defines a linear section a* of A Xjv/ B xy/ C —i B: a\bm) = 
(a{m), bm, 0([j). The map a: B ^ Ax m B X m C is then a vector bundle morphism over a: M ^ A. 
A section c S r(C) defines a core section A of A Xm B Xjvi C ^ B: A (bm) = (Om Am, c(m.)). For 
ip S r(Hom(B,C)), the linear section if> sends bm to (0^, fem, <^(6m)). 
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up to homotopy, or Lie 2-derivatives, in duality to Lie 2-algebroids. For simplicity 
we called them Dorfman 2-representations, because Dorfman representations (skew- 
symmetric and flat Dorfman connections) are exactly the Lie derivatives in duality 
with Lie algebroids m- The next main consequence of this new method was our 
discovery of the equivalence of metric double vector bundles with N-manifolds of 
degree 2, which is now the core of this paper. 

Outline, main results and applications. This paper is organised as follows. 
Sectionj^ We start by quickly recalling how vector bundle morphisms are equivalent 
to morphisms of the sheaves of sections of the dual bundles. We then discuss in 
detail the necessary background on double vector bundles and their dualisation 
and splittings. We recall how linear splittings of VB-algebroids induce 2-term 
representations up to homotopy |12j and how matched pairs of 2-term representations 
up to homotopy correspond in this manner to linear splittings of double Lie algebroids 

m- 

Section]^ In this section we recall the definition of N-graded manifolds (N-manifolds 
in short) and we recall the equivalence of Wmanifolds of degree 1 with vector bundles. 
Then we define metric double vector bundles and their Lagrangian splittings, the 
existence of which we prove. We describe the morphisms in the category of metric 
double vector bundles, and we construct an equivalence of this category with the 
category of A^-manifolds of degree 2. 

Section 1^ We study Poisson structures of degree —2 on 7V-manifolds of degree 2. 
We show how a Poisson structure of degree —2 on a split TV-manifold of degree 2 is 
equivalent to a 2-term representation up to homotopy that is dual to itself. Then 
we give the geometrisation of Poisson N-manifolds of degree 2; namely linear Lie 
algebroids structures on metric double vector bundles, that are compatible with 
the metric. We prove that the equivalence of categories established in the previous 
section induces an equivalence of the category of Poisson N-manifolds of degree 2 
with the category of metric VB-algebroids. Finally, we discuss some examples of 
Poisson N-manifolds of degree 2, and the corresponding metric VB-algebroids. We 
discuss in detail symplectic N-manifolds of degree 2, and how they correspond to 
tangent doubles of Euclidean vector bundles. 

Section In this section we start by recalling necessary background on Courant 
algebroids, Dirac structures and Dorfman connections. Then we formulate in our own 
manner Sheng and Zhu’s definition of split Lie 2-algebroids [35], before dualising it 
and obtaining the notion of Dorfman 2-representation. Then we write in coordinates 
the homological vector field corresponding to a split Lie 2-algebroid, showing where 
the components of the Dorfman 2-representation (or equivalently of the split Lie 
2-algebroid) appear. In Section 5.4 we give several classes of examples of split Lie 
2-algebroids, introducing in particular the standard split Lie 2-algebroids defined 
by a vector bundle, and the bicrossproduct Lie 2-algebroid of a matched pair of 
2-term representations up to homotopy. Finally we describe morphisms of split Lie 
2-algebroids. 

Section In this section we give the definition of VB-Courant algebroids [T5] 
and we relate Dorfman 2-representations with Lagrangian splittings of VB-Courant 
algebroids, in the spirit of Gracia-Saz and Mehta’s description of split VB-algebroids 
via 2-term representations up to homotopy [12j . Then we describe the VB-Courant 
algebroids corresponding to the examples of split Lie 2-algebroids found in the 
previous section, and we prove that the equivalence of categories established in 
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Section induces an equivalence of the category of VB-Courant algebroids with the 
category of Lie 2-algebroids. 

Section We define the matching of self-adjoint 2-representations with Dorfman 
2-representations. Then we show how split Poisson Lie 2-algebroids define such 
matched pairs, and how decomposed LA-Courant algebroids define such matched 
pairs. We use this to deduce an equivalence of the categories of Poisson Lie 2- 
algebroids and LA-Courant algebroids. Then we describe examples of LA-Courant 
algebroids and Poisson Lie 2-algebroids. 

Next we focus on the core of an LA-Courant algebroid; we prove that it inherits a 
natural structure of degenerate Courant algebroid (“natural” in the sense that this 
structure does not depend on any Lagrangian splitting). Symplectic Lie 2-algebroids 
correspond via the equivalence above to the tangent doubles of ordinary Courant 
algebroids. The core structure in this class of LA-Courant algebroids is just the 
underlying ordinary Courant algebroid. Hence, the Courant bracket defined by a 
symplectic Lie 2-algebroid can be recovered, after any choice of splitting, as a kind 
of correction of a Dorfman connection by the Poisson bracket. 

Section In the last section we discuss VB-Dirac structures (with support) in 
VB-Courant algebroids, maximally isotropic subalgebroids in metric VB-algebroids, 
and LA-Dirac structures (with support) in LA-Courant algebroids. We find in each 
case, after the choice of an adequate splitting, conditions on the sides and core of the 
double subbundles with the (matching) Dorfman 2-representation and self-adjoint 
2-representation for the double subbundle to be a VB-Dirac structure, maximally 
isotropic subalgebroid or LA-Dirac structure. We find that the integrability of a 
wide VB-Dirac structure is completely encoded in the restriction to its side of the 
dull bracket defined by any splitting adapted to the Dirac structure. We prove that 
LA-Dirac structures are automatically double Lie algebroids. 

Next we explain in the language developed in this paper the notion of pseudo- 
Dirac connection defined by Li-Bland in |19] , and we explain the equivalence that 
he finds between pseudo-Dirac connections and VB-Dirac structures in tangent 
doubles of Courant algebroids. We extend his result to an equivalence of “quadratic” 
pseudo-Dirac connections with LA-Dirac structures in the tangent double of a 
Courant algebroid. 

Finally we prove that an LA-Dirac structure defines a Manin pair over its double 
base. The construction of the Courant algebroid resembles a semi-direct product of 
a Lie algebroid with the degenerate Courant algebroid on the core of the ambient 
LA-Courant algebroid. These Manin pairs will be the subject of future studies of 
the author. In particular, we will relate them to the infinitesimal description of 
Dirac groupoids in [20] . 

Appendices. To increase the readability of this paper, we give in the appendix the 
proofs of its three most technical theorems. In Section]^ we prove the theorem 
describing decomposed VB-Courant algebroids via Dorfman 2-representations. In 
Section we prove that the Dorfman 2-representations and the self-adjoint 2- 
representations encoding the two sides of a split LA-Courant algebroid form a 
matched pair, and vice-versa. This proof is very long and very technical, but 
contains some interesting constructions. In Section we prove the theorem on the 
Manin pair associated to an LA-Dirac structure. 

Acknowledgement. The author warmly thanks Chenchang Zhu for giving her a 
necessary insight at the origin of her interest in Lie 2-algebroids, and Alan Weinstein, 
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Thanks go also to Yunhe Sheng for his help on a technical detail in his and Zhu’s 
definition of a split Lie n-algebroid. Finally the author thanks Rohan Jotz Lean for 
many very useful comments on earlier versions of this work. 

Notation and conventions. We write pm- TM —)■ M, qe - E ^ M for vector 
bundle mapsand tza : D ^ A and ttb' D ^ B for the two vector bundle projections 
of a double vector bundle. For a vector bundle Q —>■ M we often identify without 
further mentioning the vector bundle {Q*)* with Q via the canonical isomorphism. 
We write (•, •) or (•, ■)m the canonical pairing of a vector bundle with its dual; 
i.e. {am,otm) = ctmiam) for ttm € A and am G A*. We will use many different 
pairings; in general, which pairing will be used will be clear from its arguments. 
Given a section ^ of FI*, we will always write E —>■ for the linear function 
associated to it, i.e. the function defined by Cm Sm) for all Cm G E. 

Let M be a smooth manifold. We will denote by X{M) and D^(M) the spaces 
of (local) smooth sections of the tangent and the cotangent bundle, respectively. 
For an arbitrary vector bundle E —)■ M, the space of (local) sections of E will be 
written r(i?). Let /: M —)■ N be a smooth map between two smooth manifolds M 
and N. Then two vector fields X G X{M) and Y G X{N) are said to be /-related 
if Tf o X = Y o f on Dom(Y) n /“^(Dom(F)). We write then X Y. 

We write “[n]-manifold” for “N-manifolds of degree n”. This notation is to avoid 
confusions with n-manifolds, which are usually understood as smooth manifolds 
of dimension n. We will say 2-representations for 2-term representations up to 
homotopy. 

2. Background and definitions on double vector bundles and 

VB-algebroids 

We collect in this section background notions on ordinary vector bundles and their 
morphisms, on double vector bundles and their linear splittings and dualisations, 
on VB-algebroids and double Lie algebroids, and on 2-term representations up to 
homotopy and how they encode split VB-algebroids. Further references will be given 
throughout the text. 

2.1. Vector bundles and morphisms. Let A ^ M and B —> V be vector bundles 
and uj: A ^ B a morphism of vector bundles over a smooth map loq: M -g N. First 
we set a few notations. We will say that a G Fm( 21) is w-related to 5 e Tn{B) if 

uj{a{m)) = b{uJo{m)) 

for all m e M. We will then write a b. 

We will write ojqB —>■ M for the pullback of B under ojq; tor m G M, elements of 
(ui^B){m) are pairs (m,with b^^f^m) € B{ujo{m)). The morphism w induces 
then a morphism w': A —)■ ujqB, w'(am) = {ni,u}{am)) over the identity on M. For 
a section b G Fj^iB), we get in a similar manner a section G FM(wQi3); defined 
by (u>gb)(m) = {m,b{uJo{m))) for all m G M. We have then w*(6) = (w')*(a;g5) for 
a\lbGTN{B). 

The dual of a morphism uj: A ^ B over wq : M —)■ iV is in general not a morphism 
of vector bundles, but a relation C A* x B* defined as follows: 

E-uj* J Puioim)) I ^ ^ ^T Pu}o(m) G 
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where ujm ■ -^m Swo(m) is the morphism of vector spaces. This relation induces a 
morphism lu* of modules over Wq : C°°{N) —>■ C°°{M): 

(2) io *: TNiB*) ^ rM(dl*), w*(/?)(m) = 

for all /3 G rAr(i3*) and m G M. That is, (a;*(/3)(m),/3(wo(m))) G Ru:» for all 
/3 G r n{B*) and m G M. We prove the following lemma. 

Lemma 2.1. The map ■*, that sends a morphism of vector bundles uj: A 
B over uiq: M ^ N to the morphism uj*: T]s[{B*) —>■ rM(^*) of modules over 
uJq : C°°{N) —>■ C°°{M), is a hijection. 

Proof. First we have to check that w* is well-defined, that is, that the image under 
UJ* of a smooth section of B* is again smooth. Consider the pullback of B under 
Wo, i.e. the vector bundle ujqB ^ M. The morphism w of vector bundles induces 
a morphism w : A ^ ujqB of smooth vector bundles over the identity on M: w is 
defined by w'(am) = {'m,uj{ajn)) for all in the fiber of A over m G M. Now we 
have (uJqB)* = uj^B* and for each section /3 G rAr(i?*), we define /3' G F m{oJqB*) 
by f3'{m) = {m, fi{uJo{m))). The smoothness of a;*(/3) follows from the equality 
uj*{P) = {uj-)*f3': for each m G M, and each a™ G Am, we have 

(((w')*/?’)(TO),Om) = {j3'{m),uj'{am)) = {{m, l3{uJo{m))), {m,uj(am))) 

= {P{uJoim)),uj{am)) = (w*(/3)(m),am)- 

The map w* is obviously a morphism of modules over wS: for B G F(i3*) and 
/ G C^iN), we hnd 

uJ*{fB)=uj*Juj*{B). 

Next we need to show that a morphism fP: FAr(B*) —)■ rM(^*) of modules over 
Pq : C°°{N) —)■ C°°{M), for pL^: M N smooth, induces a morphism A ^ B oi 
vector bundles over piQ: M ^ N. Choose am in the fiber of A over m and define 
hio-m) € Bi^g (m) by 

{B{p.o{m)), p{am)) = {pf {B)ijn),am) 

for all B G r(i?*). To prove that /r is a vector bundle morphisrr0 we need to check 
that {B{po('oa)), pifim)) only depends on the value of B at po{m), or in other words, 
that if B vanishes at pQ{m), then {B{po{m)), p{am)) =0. If /3 vanishes at po(m), 
then B can be written as f ■ B' with B' G T{B*) and / G C°°{N) with f{po{m)) = 0. 
But then 

(Bipoim)), p{am)) = {f(po{m))p*{B'){m),am) = 0 . 

The morphism of vector bundles clearly induces on the sets of sections of the 
duals, and vice-versa. □ 


^The smoothness of is seen as follows: let bi,...,bn be local basis fields for B and 
let be the dual basis fields. Then for eah am € A, fi{am) can be written 

Y17^lM^rn),l3i{fio(rn)))bi{fioirn)). Since each ft(Mo(m))} equals we find 

that locally, {i can be written /i = o /lq o qa)- 
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2.2. Double vector bundles. We briefly recall the deflnitions of double vector 
bundles, of their linear and core sections, and of their linear splittings and lifts. We 
refer to [3H [T2] for more details. 

A double vector bundle {D] A, B; M) is a commutative square 


D 


A- 


B 


■M 


satisfying the following four conditions: 

( 1 ) all four sides are vector bundles; 

( 2 ) ttb is a vector bundle morphism over qa', 

(3) +B ■ D Xb D ^ D is a vector bundle morphism over + : A Xm A ^ A, 
where +_b is the addition map for the vector bundle D ^ B, and 

(4) the scalar multiplication M. x D ^ D in the bundle D ^ B is a vector 
bundle morphism over the scalar multiplication K x A —>■ A. 

The corresponding statements for the operations in the bundle D ^ A follow. Note 
that the condition that each addition in Z? is a morphism with respect to the other 
is exactly 

(3) {di +A <^ 2 ) +B {ds +A d^) = {di +B da) +A (<^2 +b d^) 

for di,d 2 ,dz,di € D with 7rA(di) = 7r^(d2), T^A{ds) = T^A^di) and 715 (^ 1 ) = 715 (^ 3 ), 
775(^2) = 7 rB(d 4 )- 

Given a double vector bundle {D; A, B; M), the vector bundles A and B are 
called the side bundles. The core G of a double vector bundle is the intersection 
of the kernels of tta and of ttb- It has a natural vector bundle structure over M, the 
projection of which we call qc'- C ^ M. The inclusion C ^ D is usually denoted 
by G™ 9 Cl —>cG TTA^iO^)fiTTB\Og). 

Given a double vector bundle {D\A,B\M), the space of sections Tb{D) is 
generated as a G°°(i?)-module by two distinguished classes of sections (see [27]), 
the linear and the core sections which we now describe. For a smooth section 
c: M ^ C, the corresponding core section : B —i' D is defined as 

(4) c\bm) = 6 ^^ +A c(m), m G M, bm & B^. 

We denote the corresponding core section A —>■ ZZ by ct also, relying on the argument 
to distinguish between them. The space of core sections of D over B will be written 

A section ^ G T b(,D) is called linear if ^: ZZ —ZZ is a bundle morphism from 
B ^ M to D ^ A over a section a G r(A). The space of linear sections of D over B 
is denoted by r^(ZZ). A section ip G r(ZZ* (g) G) defines a linear section ip: B ^ D 
over the zero section : M —>■ A by 

(5) ^(bm) = 6b„ +A tp{bm) 

for all hm G B. We call ip a core-linear section. 


Example 2.2. Let A, B, C be vector bundles over M and consider D = AxmBxm 
C. With the vector bundle structures D = q-^{B®C) -A- A and D = q'g{A(BC) -A B, 
one finds that (ZZ; A, ZZ; M) is a double vector bundle called the decomposed double 
vector bundle with sides A and B and core C . The core sections are given by 
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: bm {0^,bm,c{m)), where m G M, bm G Bm, c G r(C), and similarly 
for c'' : A —>■ D. The space of linear sections r^(D) is naturally identified with 
r(A) 0 T{B* 0 C) via 

{a,tjj) : bm {a{m),bm,tpibm)), where ijj G r{B* i^C), aG r(A). 

In particular, the hbered product A Xm B is a double vector bundle over the 
sides A and B and its core is the trivial bundle over M. 


2.2.1. Linear splittings and lifts. A linear splitting of {D; A, B; M) is an injective 
morphism of double vector bundles Y,: Axm B ^ D over the identity on the sides A 
and B. That every double vector bundle admits local linear splittings was proved by 
[To]. Local linear splittings are equivalent to double vector bundle charts. Pradines 
originally defined double vector bundles as topological spaces with an atlas of double 
vector bundle charts |3T] (see Definition 3.18). Using a partition of unity, he proved 
that (provided the double base is a smooth manifold) this implies the existence of a 
global double splitting [52] • Hence, any double vector bundle in the sense of our 
definition admits a (global) linear splitting. 

Note that a linear splitting of D is equivalent to a decomposition of D, i.e. an 
isomorphism I: A x m B x m C —>■ D ot double vector bundles over the identities 
on the sides and inducing the identity on the core. Given a linear splitting E, the 
corresponding decomposition I is given by 1 ( 0^7 bm, Cm) = U(am, ^m)+B (O^^^ +ACm)- 
Given a decomposition I, the corresponding linear splitting S is given by E(am, &m) = 


I(a 


m 1 1 


0^). 


A linear splitting E of D is also equivalent to a splitting a a of the short exact 
sequence of C°°(M)-modules 

( 6 ) o^r(H* 0 C')-^r^(L>) ^r(A) ^ 0 , 

where the third map is the map that sends a linear section (^, a) to its base section 
a G r(A). The splitting a a will be called a horizontal lift or simply a lift. Given 
E, the horizontal lift cta : r(A) —>• r^(D) is given by cr^(a)( 6 m) = ^{a{m),bm) 
for all a G r(A) and bm G B. By the symmetry of a linear splitting, we hnd 
that a lift a a'- r(H-) -G r^(Zl) is equivalent to a lift ctb : r(i?) —>■ r^(Il). Given 
a lift a A'- r(A) —>■ r^(Z?), the corresponding lift as'. r(i?) —>• r^(£)) is given by 
aB{b){a{m)) = aA{a,){h{m)) for all a G r(A), b G L'{B). 

Note finally that two linear splittings : A x m B ^ D differ by a section 

(j)i 2 of A* 0 0 C ~ Hom(A, B* ® C) Hom(H, A* 0 C) in the following sense. 

For each a G r(A) the difference cr^(a) — s o-^(a) of horizontal lifts is the core-linear 

section defined by (/' 12 (a) G r(i?* 0 C). By symmetry, ag(b) —a cr^(b) = ^ 12 ( 6 ) for 
each b G r(B). 

The space of linear sections is a locally free C'°°(M)-module (this follows from 
the existence of local splittings). Hence, there is a vector bundle A over M such that 
r^(Z3) is isomorphic to r(A) as C'°°(M)-modules. The vector bundle A is sometimes 
called the fat vector bundle defined by Tg{D). The short exact sequence ([^ 
induces a short exact sequence of vector bundles 


(7) 


0 


B* A 


A 


0 . 
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2.2.2. The tangent double of a vector bundle. Let qE - E ^ M he a vector bundle. 
Then the tangent bundle TE has two vector bundle structures; one as the tangent 
bundle of the manifold E, and the second as a vector bundle over TM. The 
structure maps oi TE —>■ TM are the derivatives of the structure maps of if —>■ M. 
The space TE is a double vector bundle with core bundle E —)■ M. The map 


E 


n (Tgs) 1(0™) sends e„ 


G Ert 


to F — — 

lo Cm — 


t=0 


tCm G Tqe E. 


TE 

Tqs 

TM 


■E 


-^M 


The core vector field corresponding to e G r(if) is the vertical lift : E ^ TE, 
i.e. the vector field with flow f): E x R ^ E, + te{m). An element of 

r|;(Tif) = X^(if) is called a linear vector field. It is well-known (see e.g. [26]) 
that a linear vector field f G X\E) covering X G X(M) is equivalent to a derivation 
: r(if*) —?■ r(E*) over X G X(M), and hence to the dual derivation : r(E) -G 
r(E) over X G X{M). The precise correspondence is given bj 0 

(8) ?(4)=%(e) and C{q%f)=qUX{f)) 

for all e G r(if*) and / G C°°{M). Here 4 is the linear function E ^ R corre¬ 
sponding to e. We will write D for the linear vector field in X^{E) corresponding 
in this manner to a derivation D of r(if). The choice of a linear splitting S for 
{TE\TM,E]M) is equivalent to the choice of a connection on E-. Since a linear 
splitting gives us a linear vector field aruiX) £ X^E) for each X £ X{M), we can 
define V: X{M) x r(if) —>• r(if) by axMiX) — Vx for all X G X{M). Conversely, 
a connection V: X{M) x r(if) —>■ r(if) defines a lift cr^xi (fEE; TM, E] M) and 
a linear splitting : TM Xm E ^ TE. 

We recall as well the relation between the connection and the Lie bracket of 
vector fields on E. Given V, it is easy to see using the equalities in Q that, writing 
(T for cr^jvL- 

(9) __ 

[a(A), a{Y)] = a[X, Y] - R^Y), [a{X), e^] = {Xxe)\ [e^ e'^] = 0, 

for all X,Y G X{M) and e, e' £ r(£’). That is, the Lie bracket of vector fields on 
M and the connection encode completely the Lie bracket of vector fields on E. 

Now let us have a quick look at the other structure on the double vector bundle 
TE. The lift : r(A) ^ T^j.;^{TE) is given by 

(T^{e){Vm) = Tme{Vm) +TM {TmO^ (Vm) “E V«„e), Vm G TM, C G T{E). 

Further, for e G r(A), the core section G Ttm{TE) is given by 

(10) e^{vm) =TmO^{vm) +E ^ te{m). 

dt t=o 


^Since its flow is a flow of vector bundle morphisms, a linear vector field sends linear functions 
to linear functions and pullbacks to pullbacks. 
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2.2.3. Dualisation and lifts. Double vector bundles can be dualised in two distinct 
ways. We denote by D the dual of D as a vector bundle over A and likewise for 
D The dual D ^A is again a double vector bundl^ with side bundles A and 
C* and core B * 



D 


■A 


7I-C- 


c* 


9c* 


gA 


■M 


By dualising again D^A over C*, we get 


D f^A 


B 




■C* 


9c* 


Qb 


■M, 


D 


TTc* 


B 


■B 


IB 


C* 


9c* 


M 


with core A*. In the same manner, we get a double vector bundle D ^B ^C* with 
sides A and C* and core B*. 

The vector bundles D ^B ^ C* and D^A ^ C* are, up to a sign, naturally in 
duality to each other [55]. The pairing 

<•,•>: (D^A) xc* iD^B)^R 

is defined as follows: for ^ G A and G D^B projecting to the same element 
7m in C*, choose dG D with TTA{d) = 7rA($) and 7rB{d) = 7rB(T). Then ($,d)^ — 
(T, d)B does not depend on the choice of d and we set (<&, T) = ($, d)A — d)B- 
This implies in particular that D ^A is canonically (up to a sign) isomorphic to 
D ^B ^C* and D ^B is isomorphic to D ^A f^C*. 

Each linear section ^ G rB(B) over a G r(A) induces a linear section G 
r^. over a. Namely ^ induces a function : B^B —?■ K which is fibrewise 

linear over B and, using the definition of the addition in L> ^B —>■ C*, it follows 
that is also linear over C*. The corresponding linear section of L> ^B —>■ C* 

is denoted [57]. Thus 

(11) = = 


Whe projection ttc* : D ^ C* is defined as follows: if <I> S projects to 7ryi(<I>) = am, 

then TTQ* ($) G is defined by 

nc* (^)(Cm) = +s 

for all Cm G Cm- The addition in the fibers of the vector bundle D C* is defined as follows: 

if and $2 £ D^A satisfy 

TTC* (^ 1 ) = ttc * (^ 2 ) 7rA(^l) = 7rA(^2) = 

then $1 +c* ^2 is defined by 

(^1 +c* ^ 2 )(di +B ^2) = ^l(di) + ^2(^2) 

for all di,d 2 ^ D with 7rg(di) = 753 (^ 2 ) a^nd 7rA(di) = a^, 7rj^(d2) = The core element 

pm £ D ^A defined by Pm £ B* is defined by pmid) = ^m(7rs(d)) for all d G -D with 7rA(d) = 0^^. 
By playing with the vector bundle structures on D^A and ([^, one can show that each core element 
of of A is of this form. We encourage the reader who is not familiar with the dualisations of 
double vector bundles to check this, and also to find out where the projection to C* is relevant in 
the definition of the addition over C* . See m- 


















N-MANIFOLDS OF DEGREE 2 AND METRIC DOUBLE VECTOR BUNDLES. 


17 


for $ e £) such that = b and ttc* ($) = 7 - 

Given a linear splitting T,: A Xm B —i' D oi D, we get hence a linear splitting 
C* Xm A^ D^B defined by the horizontal lift : r(^) ^ {D ^ 
B^C*): 

(12) = {aA{a)r 

for all a € r(A). 

Now we use the (canonical up to a sign) isomorphism of L> with L> ^B ^C* 
to construct a canonical linear splitting of D ^A given a linear splitting of D. We 
identify D '^A with D ^B ^C* using —(•, •). Thus we dehne the horizontal lift 
r{A)^T^c^{D^A) by 

(13) (ai(a),.)=-a*’^(a) 

for all a G r(A). The choice of sign in is necessary for < 7 ( 4 ( 0 ) to be a linear 
section of D ^A over a (and not over —o). 

By (skew-)symmetry, given the lift as '■ r(i?) — >■ we identify D ^B with 

D ^C* using {•, •> and define the lift ct* : r{B) -G {D ^B) by ( 0 ^( 6 ), •> = 
for all b G r(_B). (This time, we do not need the minus sign.) As a summary, 
we have the equations: 

(14) 

{a*^{a),aB{b)) =0, {a\{a),a^) =-qc^{a,a), {P\a%{h)) ^ q*c,{P,b), 

for all a G r(A), b G r(B), a G r(A*) and P G r(B*). Furthermore, the following 
Lemma shows that the horizontal lift : r(A) —>■ F^, (D ^A) is very natural. 

Lemma 2.3. Given a horizontal lift a a'- r(A) {D), the “dual” horizontal lift 
(7\: r(A) -G (D^A) can alternatively he defined by 

{cr*Ai<^){'lm),crA{a){bm))A = 0 , {cr*Aia){'ym),c’{a{m)))A = {'lm,c{m)) 

for all a G r(A), c G r(C'), bm G B and G C*. 


Proof. By (12) and ( [IT| ), we have 


(15) (cr;^(a)(7™),$) =-((cr4i(a))'^(7m),$) = -{<^,aA{a){bm)) 

for $ e D ^B with nB{^) = 5m and 7rc*(‘l>) = 7m- Since for b G T{B) with 
b{m) = bm, d = aAia){bm) = o'B(b){a{m)) S I? is an element with TrA{d) = a{m) 
and TTBid) = b{m) = bm, the pairing on the left can also be written 


(16) (crVa)(7m),$> = (crl(a)(7m),o-A(a)(5(m)))B - ($,(TA(a)(5(m))). 

(^) and ( [I^ together show that {a\{a){jm),erA{o){b{rri))) = 0. Further, we hnd 
for a G r(i3*) and any c S r(C'): 

-{a,a){m) = (cr(^(a)(7m), Q:'''(7m)> = {a*A{a)(cim),c^{a{m))) - {a^icim),c\a{m))). 
In order to pair a^(7m) with c\a{m)) over 0^ G B, we write them as 

a^-fm) = +B a{m), c\a{m)) = +b c(m). 


We get 

-{a,a)(m) = {a*A{a){nm),c\a{m))) - {'ym,c{m)) - {a,a){m), 

and so (tT((^(a)( 7 m),c^(o(’7^))) = {'ym,c{m)) for all a G F(A), c G r(C) and 7m G 
C*. □ 
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2.3. VB-algebroids and double Lie algebroids. Let {D; A, B; M) be a double 
vector bundle 






9b 


A - 

QA 


with core C. Then (id —)■ B\A^ M) is a VB-algebroid ([21]; see also (Ej) if 
D ^ B has a Lie algebroid structure the anchor of which is a bundle morphism 
Qb- D ^ TB over pA' A ^ TM and such that the Lie bracket is linear: 

[TiiD),T%iD)] C TiiD), [rUD),T%{D)] c r%{D), [r%{D),r%{D)] = 0. 


The vector bundle A ^ M is then also a Lie algebroid, with anchor pA and bracket 
defined as follows: if S r^(id) are linear over 01,02 S r(yl), then the bracket 
[Cl) ^ 2 ] is linear over [ 01 , 02 ]. We also say that the Lie algebroid structure on id —^ B 
is linear over the Lie algebroid A M. 

Since the anchor 0^ is linear, it sends a core section c^, c € r(C') to a vertical 
vector field on B. This defines the core-anchor 83 ■ C ^ B; for c G r(C') we have 
0 B(ci) = (dsc)^ (see [21]). 


Example 2.4. It is easy to see from the considerations in j 2.2.2| that the tangent 
double {TE] E,TM; M) of a vector bundle E ^ M has a VB-algebroid structure 
{TE —>■ E,TM —>■ M). (The Lie algebroid structures are the tangent Lie algebroid 
structures.) 


If id is a VB-algebroid with Lie algebroid structures on id —>■ B and A ^ M 
the dual vector bundle D ^ B ^ B has a Lie-Poisson structure (a linear Poisson 
structure), and the structure on D^B is also Lie-Poisson with respect to D^B —>■ C* 
P71 3.4]. Dualising this bundle gives a Lie algebroid structure on D ^B —>■ C*. 

This equips the double vector bundle (id ^B C*, A; M) with a VB-algebroid 
structure. Using the isomorphism defined by —(•,•), the double vector bundle 
{D^A —>■ C*; A —)■ M) is also a VB-algebroid. In the same manner, if {D ^ A, B ^ 
M) is a VB-algebroid then (id ^B -G- C* ; B ^ M) is a VB-algebroid. 

A double Lie algebroid [^ is a double vector bundle (id; A, B] M) with core 
denoted C, and with Lie algebroid structures on each of A —M, B -G M, D ^ A 
and D ^ B such that each pair of parallel Lie algebroids gives D the structure of a 
VB-algebroid, and such that the pair (id ^A, D ^B) with the induced Lie algebroid 
structures on base C* and the pairing (•,•), is a Lie bialgebroid. 


2.4. Representations up to homotopy and VB-algebroids. Let A ^ M he 

a Lie algebroid and consider an A-connection V on a vector bundle E ^ M. Then 
the space D* (A, E) of id-valued Lie algebroid forms has an induced operator dv 
given by: 

dva^(ui,..., ) — ^ ] ( 1) ^, Uj], ,..., Uj,..., cij ,..., ) 

i<j 

+ ^(-l)*+^Va,(a;(ai,..., a^,..., at+i)) 

i 

for all uj G Sd^(A, E) and oi,..., a^+i G r(A). The connection is flat if and only if 

dv = 0. 
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Let now £ = Ek[k] be a graded vector bundle. Consider the space £1{A,£) 

with grading given by 

n{A,£)[k]= 0 n\A,E,). 

i+j=k 

Definition 2.5. [T] A representation up to homotopy of A on £ is a map 
D: n(A,£) — >■ £l(A,£) with total degree 1 and such that = 0 and 

'D{a A w) = dACt A cu + (—A V^lo), for a G r(AA*), co G S1(A, £), 

where : r(AA*) —>■ r(AA*) is the Lie algebroid differential. 

Note that Gracia-Saz and Mehta [12] defined this concept independently and 
called them “superrepresentations”. 

Let A he a Lie algebroid. The representations up to homotopy which we will 
consider are always on graded vector bundles £ = i?o[0] © l?i[l] concentrated on 
degrees 0 and 1, so called 2-term graded vector bundles. These representations are 
equivalent to the following data (see [T1 IT^l: 

(1) a map d: Eq ^ Ei, 

(2) two ^-connections, V° and on Eq and Ei, respectively, such that 

do v° = yi oa, 

(3) an element R G £i^{A, Hom(i?i, i5o)) such that R^o = Ro d, R-^i = do R 
and dyHomi? = 0, where yHom jg the connection induced on Hom(illi, Eq) 
by and V^. 

For brevity we will call such a 2-term representation up to homotopy a 2-repre- 
sentation. 


Let {D ^ B, A ^ M) he a VB-Lie algebroid and choose a linear splitting 
E: Ax M B ^ D. Since the anchor of a linear section is linear, for each a G r(A) the 
vector field 0B(CTA(a)) defines a derivation of r(il) with symbol p{a) (see (2.2.2). 
This defines a linear connection : r(y4) x r(i?) —t r(i3): 

0B(^A(a))=^ 


for all a G r(^). Since the bracket of a linear section with a core section is again a 
core section, we find a linear connection : r(A) x r(C) —)■ r(C') such that 

[aA{a),c<] = (Vf'^c)^ 


for all c G r(C') and a G r(xl). The difference aA[ai,a 2 ] — [(ta(«i), cr^(a2)] is a 
core-linear section for all 01,02 G r(A). This defines a vector valued Lie algebroid 
form R G r2^(A, Hom(i?, C)) such that 


[crA(oi), 0 ^( 02 )] = CrA[0l,02] - i?(0i,02), 

for all 0i,02 G r(A). See (T^j for more details on these constructions. The following 
theorem is proved in |12] . 


Theorem 2.6. Let (D ^ B; A ^ M) be a VB-algebroid and choose a linear splitting 
E: Axm B ^ D. The triple (V"^^, i?) defined as above is a 2-representation 

of A on the complex 83 '- C ^ B, where 83 is the core-anchor. 

Conversely, let (D; A, B] M) be a double vector bundle such that A has a Lie alge¬ 
broid structure and choose a linear splitting E: AxmB —>■ D. Then if R) 

is a 2-representation of A on a complex 83 : C ^ B, then the three equations above 
and the core-anchor 83 define a VB-algebroid structure on [D B] A ^ M). 
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In the situation of the previous theorem, we have 


(JA{a),4> 


= 


and 


c\(j) 


= msc))^ 


for all a G r(A), (j) G r(Hom(i?, C)) and c G r(C), see for instance [TT] . 


Remark 2.7. If Ei, S 2 : A x m B ^ D are two linear splittings of a VB-algebroid 
{D ^ B, A ^ M) and (/)i 2 G r(A* ® B* ® C) is the change of splitting, then the 
two corresponding 2-representations are related by the following identities [12]. 

Vf= Vf’1 + dB o <^i 2 (a), = Vf-i + 012(a) o Bb 


and 


i?^(ai,a2) —i?^(ai,a2) + (dyHom(B,c)0i2)(ai, 02 ) 

+ 0i2(ai)i9B0i2(a2) — 0i2(a2)i9B0i2(ai) 


for all a, ai, 02 G r(A). 

Example 2.8. Choose a linear connection V : X(M) x r(£') — » r(E) and consider 


the corresponding linear splitting oi TE as in Section 2.2.2 The description of 


the Lie bracket of vector fields in § shows that the 2-representation induced by 
E^ is the 2-representation of TM on Id^ : E ^ E given by (V, V, i?v)- 


Example 2.9 (The tangent of a Lie algebroid). Let {A —)■ M,p, [• ,•]) be a Lie 
algebroid. Then the tangent TA ^ TM has a Lie algebroid structure with bracket 
defined by [rai,Ta 2 ] = T[ai,a 2 ], [Tai,a 2 ] = [ 01 , 02 ]^ and [ 0 ^, 02 ] = 0 for all 
01,02 G r(A). The anchor of To is [p(a), •] G X{TM) and the anchor of o'^ is p(a)'^ 
for all a G r(kl). This defines a VB-algebroid structure {TA —)■ TM\ A —)■ M) on 
{TA;TM,A; M). 

Given a TM-connection on A, and so a linear splitting E^ of TA as in Section 
|2.2.2[ the 2-representation of A on p-. A^ TM encoding this VB-algebroid is the 
adjoint 2-representation (V'^®'®, where the connections are defined 

by 


: r(A) X X(M) ^ X(M), = [p(a), X] + p(Vxa) 


and 


r(A) X r(A) ^ r(A), V();^^a2 = [01,02] +Vp(,,)ai, 

and G n^(A, IIom(TM, A)) is given by 

-f^v^’*(oi, a 2 )X = —Vjv:[ai, 02] -I- [VxOi, 02] -I- [oi, Vjs:a 2 ] + VvtasjfOi — W^h^Bxa 2 
for all X G X(M), o, oi, 02 G r(A). 

2.4.1. Dualisation and 2-representations. Let {D ^ B,A^ M) be a VB-algebroid. 
Let E: A Xm B ^ D he a, linear splitting of D and denote by (V^,V^,i?) the 
2-representation of the Lie algebroid A on : C ^ B. We have seen above that 
[D ^^A —>■ C*, A —>■ M) has an induced VB-algebroid structure, and we have shown 
that the linear splitting E induces a linear splitting E* : Axm C* -A D ^^A of D ^^A. 
The 2-representation of A that is associated to this splitting is then (V*" , , —R*) 

on the complex d^: B* -A C*. This is easy to verify, and proved in the appendisj^of 


®The construction of the “dual” linear splitting of D 0A, given a linear splitting of D, is done 
in [ 9 ] by dualising the decomposition and taking its inverse. The resulting linear splitting oi A 
is the same. 
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[9]. For the proof we only need to recall that, by construction, ia\(a) equals iaA{a) 
as a function on D ^B. 

2.4.2. Double Lie algebroids and matched pairs of 2-representations. 

Definition 2 . 10 . [TT] Let [A —>• M, pA, [•,']) o-nd and {B —>■ M,pb,[- , •]) be two 
Lie algebroids and assume that A acts on B (B C up to homotopy via (Ob ■ C —>■ 
B,\7^^, Rab) and B acts on A (B C up to homotopy via 
{dA-C ^ A, ^BAyBCj^BAg Then we say that the two representations up 
to homotopy form a matched pair if 

( 1 ) ^~ ^dAC2ai 

(2) [a, dAc] = 9A(Vac) - Va^cO, 

(3) [6,5bc] = dBi^bc) - Vd^cb, 

(4) VfcVaC - VaVfcC - VvtaC + Vy^feC = dBc)a - RAsia, dAc)b, 

(5) dA(RAB{ai,a2)h) = —Vh[ai, a2]+[Vt,ai, a2]+[ai, V{,a2]+Vv„2f)®i~^v„jb«2, 

(6) dB{RBA{bl,b2)a) = —Va[6l, &2] + [Va&l, 62 ] + [^l, Va&2]+Vvt2a&l—Vvija^2, 
for all a, Oi, 02 G r(A), 6 , 61,62 £ r(i3) and c, Ci, C 2 £ r(C'), and 

(7) (I’^aRba = d’^sRAB £ ^^{A, f\^B* ®C) = Ll^{B, K^A* ® C), where Rab 
is seen as an element of D}{A,/\^B* 0 C) and Rab as an element of 
n\B,A^A* (BC). 

Remark 2.11. From these equations follow pA°dA = PboQb and [pA{a), pB{b)] = 
Pb{S ab) — PA^ybo) for all a £ r(24) and b £ F(i3). 

The vector bundle C inherits a Lie algebroid structure with anchor pao Oa = 
Pb° dB and with bracket given by [ci, C2] = Va^ciC2 — Va^c2Ci for all ci, C2 £ F(C'). 
The proof of the Jacobi identity is a not completely straightforward computation; it 
follows from (2), (3) and (4) and can be done just as the proof of Theorem 1 7. 7| 

Consider a double vector bundle (ZJ; A, B\ M) with core C and a VB-Lie algebroid 
structure on each of its sides. After the choice of a splitting S: Axm B -A D, 
the Lie algebroid structures on the two sides of D are described as above by two 
2-representations; the Lie algebroid D ^ B is described by {Ob, , Rab £ 

n^(A, Hom(iJ, C))). The Lie algebroid structure of Z? —A is described by 
£ n^{B,}lom{A,C))), where Ba'- C ^ A, F(R) x 

r(A) —r(A), V-®*" : r(i?) X r(C') —>■ r(C) are connections and Rba is the curvature 
term. 

We prove in m that {D; A, B, M) is a double Lie algebroid if and only if, for 
any decomposition of ZJ, the two induced 2-representations above form a matched 
pair. 


3 . [ 2 ]-MANIF 0 LDS and metric double VECTOR BUNDLES 

In this section we recall the definition of N-manifolds of degree 2. Then we 
introduce linear metrics on double vector bundles, and we show how the category 
of N-manifolds of degree 2 is equivalent to the category of metric double vector 
bundles. 


®For the sake of simplicity, we write in this definition V for all the four connections. It will 
always be clear from the indexes which connection is meant. We write for the A-connection 
induced by and on (g) C and V® for the B-connection induced on A^A* (g) C. 
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3.1. N-manifolds. Here we give the definitions of N-manifolds. We are particularly 
interested in N-manifolds of degree 2. We refer to [3] for more details. 

Definition 3.1. An N-manifold or N-graded manifold A4 of degree n and 
dimension (p; ri,..., r„) is a smoothp-dimensional manifold M endowed with a sheaf 
A = of N-graded commutative assoeiative unitalM.-algebras, whose degree 

0 term is and which is locally freely generated as a sheaf of C°°{M)- 

algebras by ri + ... + Vn graded commutative generators ..., ..., 

Cn: • ■ ■)Cn" with of degree i for i G {1,... ,n} and j G {1,...,rj. 

A morphism of N-manifolds p : AA ^ Af is a smooth map pq: M ^ N of the 
underlying smooth manifolds together with a morphism p*: C°°{Af) -G C°°{AA) of 
sheaves of graded algebras such that p*{f) = p^f for all f G C°°{N). 

We will call [n]-manifold an N-manifold of degree n G N. We will write A^ for 
the elements of degree i in A, and we will write |^| for the degree of a homogeneous 
element ^ G i.e. an element which can be written as a sum of functions of the 
same degree. Note that a [l]-manifold over a smooth manifold M is equivalent to 
a locally finitely generated sheaf of C°°(M)-modules. 

Let us quickly introduce the notion of vector field on an N-manifold. Let A4 be 
an [n]-manifold and write as before A = C°°(AA). A vector field of degree j on 
Af is a degree j derivation cj) oi A such that 

m)\ = j + \i\ 

for a homogeneous element ^ G A. As in [3] , we write Der* A for the sheaf of graded 
derivations of A. 

The vector fields on M. and their Lie bracket defined by [4>, V'] = ^'0” 
satisfy the following conditions: 

( 1 ) + 

(2) = 

(3) [(j), C'0] = ’fp], 

(4) (-l)l^ll7l [<^, [V,, y]] + (-l)IV-lldl [y, ^]] + (_l)l7lNI ^]] = 0 

for (j), ij;, y homogeneous elements of Der* A and g homogeneous elements of A. 
For instance, the derivation dp of A{U) sends to 1 and the other local generators 
to 0. ft is hence a derivation of degree —j. Locally, Der* A{U) is generated as a 
A(?7)-module by dx,., k = 1,... ,p and , j = 1,..., n, * = 1,... ,rj. 


Our goal in this chapter is to prove that [2]-manifolds are equivalent to double 
vector bundles endowed with a linear metric (Theorem |3.17[ ). We begin with a few 
observations on the equivalence of sheaves of locally finite C^-modules with smooth 
vector bundles. Theorem |3 .1 7| will in a sense generalise this result. 


3.1.1. Vector bundles and [l\-manifolds. Here we recall the equivalence of categories 
between degree [l]-manifolds (or locally finitely generated sheaves of C'°°-modules) 
and smooth vector bundles (see for instance [331 Theorem 11.1.13]). This section 


can be seen as introductory to the methods in Section 3.3 


Let VB be the category of smooth vector bundles, with the following morphisms. 
Let E ^ M and F ^ N he vector bundles. Then a morphism <f>: F —->■ E of 
vector bundles is a vector bundle map (j): F* ^ E* over ^ t A/. Recall from 
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Lemma 2.1 that this is equivalent to a map (j)*: T{E) 
satisfying 


r(F) defined as in (|^ and 


r (/ • e) = ^If ■ r (e) 
for all / e C'^{M) and e&T{E). 

Let [1]-Man be the category of [l]-manifolds, or equivalently the category of 
locally finitely generated sheaves of C'°°(M)-modules, for smooth manifolds M. The 
morphisms in this category are defined as follows. Let Am and An be two sheaves 
of respectively C'°°(iV)-modules, for two smooth manifolds M and N. A 

morphism /i: An Am is a pair of a morphism /r*: Am —t An of sheaves of 
modules and a smooth map fio- Af ^ M, such that 


M*(/ • a) = ^4,f ■ M*(a) 

for all / S C°°{U) and a S Am{U), U open in M. 


We now establish the equivalence between VB and [1]-Man. The functor 
r(-) : VB —[1]-Man sends a vector bundle E ^ M to its set of sections r(A), a 
locally finitely generated sheaf of C'°°(M)-modules. r(-) sends a morphism $ = 
{(j), M '■ F E as above to the morphism (j)*: T{E) —>• r(F) over : C°°{M) —>• 


Next choose a [l]-manifold A over a smooth manifold M. There exists a maximal 
covering {Ua} of M such that A{Ua) is finitely generated by generators ... Am- 
For two indices a, 13 such that A we can write each generator in an 

unique manner as V'a/sCf with smooth functions S C°°{Ua ^Up). 

We define A^p € C°°(f7a H17^, by Aap{x) = We have then 

immediately 


(17) ■ Aaip — A~^P^ 

where • is the pointwise multiplication of matrices. Next we consider the disjoint 
union E = |J^ Ua x K™ and identify tor x G Ua (3 Up A ^ 

{x,v) GUp X K™ with {x,Aap{x)v) G Ua x K™. 

By this defines an equivalence relation on E and the quotient E = E{A^) 
has a smooth vector bundle structure with vector bundle charts given by the 
inclusions Ua x ^ E, and changes of charts the cocycles Aap. Note that 
the maps ef ■. Ua ^ Ua x M™, x i-A {x,ei) define smooth local sections of E and 
ef = '^ap^j Ua(3Up ^ 0. Hence, we can identify with the 

section e“ and we see that a morphism /r: A]^ --■* A\f over N ^ M defines a 
morphism Ejfj ,)*: T{E{A\A) ^ T{E{Alf)) of modules over C°°{M) -G C°°{N), 
and so by Lemma [2T] a vector bundle morphism E*{A]^) -G E*{A\f) over ^.q: N ^ 
M. Hence we have constructed a functor E(-): [1]-Man —>■ VB. 


Next we show that the two functors build together an equivalence of categories. 
The functor E(-) o 7l(-): VB —)• VB sends a vector bundle to the abstract vector 
bundle defined by its trivialisations and cocycles. There is an obvious natural 
isomorphism between this functor and the identity functor VB —> VB. 

The functor A{-) o E{-): [1]-Man —)■ [1]-Man sends a [l]-manifold over M with 
local generators and cocycles Aap to the sheaf of sections of E{A), with local basis 
sections ef and cocycles Aap- There is an obvious natural isomorphism between 
this functor and the identity functor [1]-Man —[1]-Man. 
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Finally note that it would be more natural to define a (contravariant!) functor 
from the category of [l]-manifolds to the category of vector bundles with the usual 
notion of vector bundle morphism, by sending a vector bundle E ^ M to the sheaf 
of sections of its dual E* (i.e. the sheaf over M of linear functions on E), and by 
sending a [l]-manifold A to the dual of E{A) constructed above. In the remainder 
of this section we will extend the less natural equivalence to an equivalence of metric 
double vector bundles with [2]-manifolds. In that case, the equivalence of categories 
will be more natural in this manner. 

3.1.2. Split N-manifolds. Next we quickly discuss split N-manifolds and we recall 
how each N-manifold is noncanonically isomorphic to a split N-manifold of the same 
degree and of the same dimension. 

Example 3.2. (1) Let E be a smooth vector bundle of rank r over a smooth 

manifold M of dimension p and assign the degree n to the fiber coordinates 
of E. This defines E[—n], an [n]-manifold of dimension {p;ri = 0,..., = 

0 ,ri = r) with .4" = r(E*). 

(2) Now let i?_i, E_ 2 , ..., E-n be smooth vector bundles of finite ranks ri,..., r„ 
over M and assign the degree i to the fiber coordinates of E-i, for each 
i = 1,..., n. The direct sum E = E-i © ... 0 E-n is a graded vector 
bundle with grading concentrated in degrees —1,..., —n. The [n]-manifold 
E_i[—1] © ... ©E_„[—n] has local basis sections of E_* as local generators 
of degree i, for i = 1,..., n, and so dimension (p; ri,..., r„). An [n]-manifold 
M = 1] © ... © E-n[n] defined in this manner by a graded vector 

bundle is called a split [n]-manifold. 

In this paper, we are exclusively interested in the cases n = 2 and n = 1. Choose 
two vector bundles E_i and i ?_2 of ranks ri and r 2 over a smooth manifold M. 
Set E = E-i (BE -2 and consider M = E_i[—1] ©i?_ 2 [—2]. We find A^ = 

A^ = r(E_i*) and A^ = r(E_ 2 * © 

A morphism p: A_i[—1] © A_ 2 [—2] —>■ 1] © F_ 2 [—2] of split [2]-manifolds 

over the bases M and N, respectively, consists of a smooth map po: M ^ N, three 
vector bundle morphisms pi: E_i —F_i, fi 2 ■ E -2 F -2 and pLi 2 : A^E_i —>• F _2 

over pq. The map p* sends a degree 1 function ^ G r(F_i) to 

(18) pi*^GT{E_i), = 4im(C(4 o(TO))) for all m G M, 

and a degree 2-function ^ G T{FZ 2 ) to 

(19) p2*^ + piU^'^{E-2*(BA^E_A). 

Any N-manifold is non-canonically diffeomorphic to a split N-manifold. In other 
words, the categories of split N-manifolds and of N-manifolds are equivalent. This 
is proved for instance in [3] . The super-version of this theorem is due to Batchelor 
[2] and is known as Batchelor’s theorem. 

Theorem 3.3. Any [n\-manifold is non-canonically diffeomorphic to a split [n]- 
manifold. 

We give here the proof by [3] in the case n = 2. We are especially interested in 
the morphism of split [2]-manifolds induced by a change of splitting of a [2]-manifold 
and will emphasize this in the proof. 
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Sketch of Proof, |3] . Consider a [2]-manifold Ai over a smooth base manifold M. 
Since A° = C°°{M) and C A^, the sheaf A^ is a locally free sheaf of C°°{M)- 

modules and there exists a vector bundle E ^ M such that A^ ~ r(i?). Set 
Eti = E. Now let Ai be the subalgebra of A generated by A^ 0 We find 
easily that Ai ~ r(A*£’* j) and Ai H A^ = (A^)'^ is a proper ^°-submodule of 
A^. Since the quotient A?/(^Af Y is a locally free sheaf of C°°(M)-modules, we 
have A? ~ r(iiil 2 ), where i ?_2 is a vector bundle over M. The short exact 

sequence 

0 ^ {A^f ^A^^ r(£;*2) ^ 0 

of ^^-modules is non canonically split. Let us choose a splitting and identify r{Ef 2 ) 
with a submodule of A^: 

A^ ~ (A^f 0 r(£;* 2 ) = t{a'^e*_^ 0 e*_2 ) ■ 

Hence, the considered [2]-manifold is diffeomorphic, modulo the chosen splitting, to 
the split [2]-manifold 1] 0 £i_ 2 [—2]. 

Note finally that a change of splitting is equivalent to a section (f of 
Aom{E*_ 2 T and induces an isomorphism of split [2]-manifolds over the iden¬ 
tity on M: ^ 0 (/) o ^ G T{Ef 2 0 for all ^ G r{Ef 2 ) and ^*(^) = ^ 

for all f G r(L;ii). □ 


Note that [l]-manifolds are automatically split. As we have seen in 13.1.1, [1]- 


manifolds are just vector bundles with a degree shifting in the fibers, i.e. A4 = A[—1] 
for some vector bundle E ^ M and C°°{A4) = r(/\* E*), the exterior algebra of E. 
We finally give the definition of wide [l]-submanifolds of [2]-manifolds. 


Definition 3.4. Let AA be a [2]-manifold of dimension (p;ri,r 2 ). A wide [1]- 
submanifold Af of AA is a [l\-manifold of dimension {p]r), r <ri, over the same 
smooth base M, together with a morphism of N-manifolds p,: Af ^ AA over the 
identity on M and such that locally, C^{AA) -A C^{Af), p^i^i) = 0 for 
j = l,...,r 2 , Pui^i) = 0 /or j = r 0 l,...,ri and p\j{i{) = pi for j = l,...,r. 
Here, ^{,^2 local generators of C°°{AA) and pi are local generators for C°°{Af). 

More explicitly, if AA splits as (5[—1] 0 i?*[—2], then Af can be understood as 
17[— 1] for a subbundle U C Q. The map p* is then locally described as follows. Take 
a trivialising open set V C M for both B and Q. Choose local basis fields ui,... ,Ur 
for U over V, and complete this list to local basis fields ui,... ,Ur, qr-ei^ • ■ • i 9 j-i for 
Q. The dual basis fields ti, ... for Q* satisfy then r^+i,... , 0 ^ G 0(17°). The 
morphism sends Tj to 0 for / = r 0 1,..., ri and to fj = Tj 0 [/° G T{Q*/U°) ~ 
r(t/*) for J = 1,... ,r. 


Finally note that if an [n]-manifold AA splits as Ai[—1] 0 i72[—2] 0 ... 0 En[—n], 
then each section e of Ej defines a derivation e of degree —j on AA: e(/) = 0, 

e{Cj) = (g; Cj)) and e(/fc) = 0 tor k ^ j. We find eJ = d^i if {ej,..., } is a local 

basis of Ej and {/j,... , } is the dual basis of E*. 

Further, a derivation (j) of degree 0 on At can be written as a sum 


X 0 Di 0 Z?2 0 ... 0 Dn, 
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with X G X{M) and each Di a derivation of E* with symbol X G X(M). The 
derivation X + Di + ... + can be written in coordinates as 

j2x{x.)d,, + f] +■■■+£ 

2=1 i,j—l i^j—1 

In particular, if for each j the map : X{M) —)■ Der(£^j) is a morphism of C°°{M)- 
modules that sends a vector field X to a derivation D^{X) over X, then 

(20) {X + D^{X) + ... + D^{X) \ X G X{M)) U {e | e G T{Ej) for some j} 
span Der(C'°°(AI)) as a C'°°(AI)-module. 

3.2. Metric double vector bundles. Next we introduce linear metrics on double 
vector bundles. 


Definition 3.5. A metric double vector bundle is a double vector bundle 
(E, equipped with a linear symmetric non-degenerate pairing on 

E X B E — ^ K, i.e. such that the map 


( 21 ) 


E 







13 



defined by the pairing (•, •) is an isomorphism of double vector bundles. In particular, 
the core C ^ M o/E is canonically isomorphic to Q* -G M. 


Note that equivalently, a linear symmetric non-degenerate pairing (•, •) on E —>■ i? 
is linear if the core of E is isomorphic to Q* and, via this isomorphism, 

(1) = 0 for ri,r 2 G r(Q*), 

(2) {x,T^) = foi' X G r^(E) linear over q G r((5) and r G r(Q*) and 

( 3 ) (xij X2) is a linear function on B for Xij X2 £ rB(E). 

In the following, we will always identify with Q* the core of a metric double vector 
bundle (E, Q; B, M). 

Note also that the opposite (E;(3;i3,M) of a metric double vector bundle 
(E; B; Q, M) is the metric double vector bundle with 

(■ g)e = ~(’ I ■)e- 

3.2.1. Lagrangian decompositions of a metric double vector bundle. 


Definition 3.6. Let (E, B; Q, M) be a metric double vector bundle. A linear splitting 
T,: Q Xm B ^ E, (or equivalently a decomposition ofE) is said to be Lagrangian 
if its image is maximal isotropic in E -G B. The corresponding horizontal lift 
<7 q \ r((5) -G r^(E) is then also said to be Lagrangian. 

Note that by definition, a horizontal lift erg: r((5) —)■ r*^(E) is Lagrangian if and 
only if (o'Q(gi),gQ(g 2 ) ) = 0 for all qi,q 2 G T{Q). 

Recall from Section |2.2.3| that given a linear splitting S: Q Xm B ^ E, one can 
construct a linear splitting E*: Q** Xm B ^E^B. 
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Lemma 3.7. Let (E;Q, B; M) be a metric double vector bundle and choose a linear 
splitting E of E. Then E is Lagrangian if and only if the linear map /3: E —)■ E 
sends asib) to crg{b) for all b G T{B). 


Proof. Recall that Lemma 2.3 states that given a horizontal lift as '■ L'{B) (E), 


the dual horizontal lift cr^ : r(i?) —>■ rQ.,(E ^B) can be defined by 

{(^*Bib)(jPm),cfB{b){qm))B = 0 , {aB{b){pm),T\b{m)))B = {pjn,T{m)) 


for all b G T{B), r S r((5*), Qm & Q and pm G Q** ~ Q. 

On the other hand, ifE: RxmQ—^-E isa Lagrangian splitting, we have 

{f3{aB{b){p{m))),aB{b){q{m)))B = {(JB{b){p{m)),aB{b){q{m)))^ 

= {(^Q{p)i^Q{<l))v.{biTn)) = 0 


for all q,p G r((5) and b G T{B), and 

{(3{aB{b){p{m))),T^b{m)))B = {(7B{b){p{m)),T\b{m)))E 

= {<^Q{p)ib{m)),T\b{m)))E = {p,T){m) 


for all T G r(Q*). This proves that (3 sends the linear section dBib) (E) to 
G r^. . (E ^B). It is easy to see from the four equalities above that this 
condition is necessary for E to be Lagrangian. □ 


Let CTQ: r(Q) —r^(E) be an arbitrary horizontal lift. We have seen that by 
definition of a linear metric on E —>■ 5, the pairing of two linear sections is a linear 
function on B. This implies with 

ctq(/9) = qBf-^Qifl) and % = q^f-ip for all / G C°°{M),qG r(Q) and j3 G T{B*) 
the existence of a symmetric tensor A G S^{Q, B*) such that 
(22) (o’q('3'i);0-q(92))e = ^A(gi,g2)- 

In particular, A(g, •) : Q —>■ is a morphism of vector bundles for each q G r((3). 
Define a new horizontal lift (Jq : r((5) —>• r^(E) by (JQ^q) = crQ{q) — |A(g, •)* for 
all q G r((3). Since for (f G r(Hom(i3, Q*)), (</>, y) = if X £ rB(E) is linear 

over q G r(Q), we find then 

(o-Q('?l),CrQ(g2))E = {<JQ{qi),CrQ{q2))E - ^^A(qi,g2) “ = 0 

for all qi,q 2 G r((5)- This proves the following result. 


Theorem 3.8. Let (E, B; Q, M) be a metric double vector bundle. Then there exists 
a Lagrangian splitting o/E. 


Next we show that a change of Lagrangian splitting corresponds to a skew- 
symmetric element of r((5* 0 B* 0 Q*)- 

Proposition 3.9. Let (E,B;Q, M) be a metric double vector bundle and choose 
a Lagrangian horizontal lift Ug: r(Q) —>■ r^(E). Then a second horizontal lift 
(Tg: r((3) —)■ rg(E) is Lagrangian if and only if the change of lift 012 G r((3* ® 
B* ® Q*) satisfies the following equality: 

{<t>i2{q),q') = -{(t>i2{.q'),q) e r(B*) 

for all q, q' G T(Q), i.e. if and only if 0i2 G r((3* f\ Q* ® B*) 
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Proof. For q G r(Q) we have (</>i 2 (q),x} = ^( 012 ( 9 ), 9 ') linear section x G 

r^(E) over q' € T(Q). Hence we find 

(^q(q),^q(9')}e - (o-Q(q),o-^(q')}E 
= {(^q{<i) - 0-1(9), CTQ(g'))E + (o-q( 9), cr^(9') - (TQ{(^))E 
~ '^(012(9).9') +■^(9.012(9')) 

and we can conclude. □ 


Remark 3.10. It is interesting to see that the last proposition implies that not 
any linear section of E over B can be obtained as the Lagrangian horizontal lift of a 
section of Q. This is easy to understand in the following example. 


Example 3.11. Let E — )■ M be a metric vector bundle, i.e. a vector bundle endowed 
with a symmetric non-degenerate pairing (•,•): E x m E ^ M.. Then E ~ E* and 
the tangent double is a metric double vector bundle {TE, E; TM, M) with pairing 
TE Xtm TE the tangent of the pairing E x m E ^ R. In particular, we have 

(Tei,Te2)TE = ■^d(ei,e 2 >, {Tei,el)TE = P*M{£ 1 , 62 ) and (e|, e 2 )T£; = 0 

for ei, 62 e r( E). 

Recall from f]2.2.2|that linear splittings oiTE are equivalent to linear connections 
V: X(M) X r(E) ^ r(E). We have then for all 61,62 G r(E): 

(aj ( 61 ), 6 ^^ = (rei - V. 6 i,eJ^ =P*M{ei,e2) 

and 

(Cl), 0 ’J(e 2 )) = (|r 6 i — V.ei, T 62 — V. 62 ^ = ^d(ei,e 2 >-<e 2 .V.ei>-<ei,V.e 2 >- 

The Lagrangian splittings oi TE are hence exactly the linear splittings that corre¬ 
spond to metric connections, i.e. linear connections V: X{M) x T{E) —>■ r(i?) that 
preserve the metric: 

(V.ei,e 2 ) -I- (ei, V.e 2 ) = d(ei,e 2 ) for 61,62 G r(£’). 


Example 3.12. Let qs ■ E ^ M he a vector bundle and consider the double vector 
bundle 


TE © T*E 


Y 

E 


9E 


Y 

M 


with sides E and TM (B E* M, and with core E (BT*M —>■ M. The projection 
rE ■ T*E -G E IS defined by 


rE{de 


{rE{6e^),e^) = (Oe 


d 

dt 




t=o 


and is a fibration of vector bundles over the projection qE - E ^ M. The core 
elements are identified in the following manner with elements of E © T*M —)■ M. 
For m G M and (cm, Om) G Em x T^M, the pair 


{TqE qE^) Or] 
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projects to ) under and to 0^ under tte- Conversely, any element of 

TE (B T*E in the double kernel can be written in this manner. Next recall that 
TE (Be T* E —)■ E has a natural pairing given by 

(23) ((ui , 01 ), , 02 )) ^ 01 (^2 ) ^ 02 (^1 ) ^ 


the natural pairing underlying the standard Courant algebroid structure on TE (Be 
T*E E. 

We prove in [TS] that linear splittings oi TE (Be T*E are in bijection with 
dull brackets on sections of TM (BE*, and so also with Dorfman connections 
A: T{TM(BE*) xT{E(BT*M) T{E(BT*M). Choose such a Dorfman connection. 
For any pair {X, e) G T{TM(BE*), the horizontal lift a := '■ ^{TM(BE*) -g 

rE{TE®T*E) = X{E) X n^{E) is given by 

a(X,e)(em) = {T^eX(m), de^{e,n j) - A(^x,(.){e,0y {e,n) 
for all Cm G E. 

The vector bundle TM(BE* is anchored by the morphism pi'xM ■ TM(BE* -g TM. 
As aconsequence, the TM-part of |( 7 i,g 2 lA + |92)9 i1a is trivial and this sum be 
seen as an element of r(£i*). We proved the following result in |15) . 


Theorem 3.13. Choose q,qi,q 2 G T{TM (B E*) and GT{E (BT*M). The 

natural pairing on fibres of TE (B T* E ^ E is given by 

( 1 ) (^(91)1^(02)) = '^Igi, 92 lA + [<J'2.<?llA; 

( 2 ) {<Tiq),T^) =q*E{q,T). 

As a consequence, the natural pairing on fibres of TE(BT*E -g- E is a. linear metric 
on {TE(BT*E-,TM(BE*, E-, M) and the Lagrangian splittings are equivalent to skew- 
symmetric dull brackets on sections of the anchored vector bundle {TM (B E*, ptem)■ 


3.2.2. The category of metric double vector bundles. We define a morphism fl of 
metric double vector bundles (E; Q, B-, M) and (F; P, A; M) as the dual of a genuine 
morphism E -G F of double vector bundles. 


Definition 3.14. A morphism 


D: F —^ E 


of metric double vector bundles is an isotropic relation D C F x E that is the dual 
of a double vector bundle morphism 


F 


P- 


■P 


E+Q- 


Q 


p* 


■N 


Y 

Q** 


M 


over uiq: N ^ M. 

We write MDVB for the obtained category of metrie double vector bundles. 

Let (E, B; Q, M) be a metric double vector bundle. Choose a Lagrangian splitting 
E: Q Xm B and set 

a2(e) := (TB{r{B)) + {A I w e r(g* a g*)}. 

In other words, ^^(E) is the C''^(M)-module ge nera ted by all Lagrangian horizontal 
lifts of sections of B. Note that by Proposition 3.9 ^^(E) does not depend on the 
choice of Lagrangian splitting. 
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Theorem 3.15. Let (E;i3,(3;Al) and ¥;A,P;N) be two metric double vector 
bundles. A morphism F E is equivalent to a triple of maps 

w*: yl^(E) wj,: r(g*) ^ r(P*), and ujq: NM 

such that 

(1) UJ* ^Ti A T2^ = tVpTi A WpT2, 

(2) • x) = 9p(wo/) • w*(x) and 

(3) UJ*p{f -t) =U}^f -W^pT 

for all t,ti,T 2 € r(g*), / G C°°{M) and x € Al^(E). 

Proof. By definition, a morphism iliF-'-^Eisa morphism 

ujiF^P 

of double vector bundles with some further properties. Let wp: P —> Q be the 
induced vector bundle map on the side P of F and let wq : be the 

induced smooth map on the double base. The morphism of double vector bundles 
induces a morphism uj* : rQ(E) —)• rp(F) of modules over Wp : C°°{Q) —>■ C°°{P). 
Since wp is a vector bundle map, the pullback ujp-. C°°{Q) —)■ C°°{P) is completely 
determined by its value on linear functions and on pullbacks under qq of functions 
on M; 

ooUqhf) = qpHf) 

for all / e C°°{M) and 

wuer) = 

for all r G r(g*). The map oj* sends linear sections to linear sections and core 
sections to core sections, and it is completely determined by its images on these two 
sets of sections. We denote by uj* : rQ(E) —>• rp(F) the induced map. We need to 
check that the induced map on core sections is given by uj*{t^) = (u;p(T))'f for all 
T G r(g*) and that uj* restricts further to a map 

UJ* : A{E) A{F). 

The morphism uj of double vector bundles induces a vector bundle map uja* ■ A* — > 
B* on the cores, and so a map uj\. : T{B) —)• r(yl) of modules over Wg : C°°{M) —)• 
C°°{N). If X G rQ(E) is linear over b G r(P), then uj*{x) G rp(F) is linear over 
uj*A*{b) G r(Ll). In particular, choose Lagrangian splittings S®: Q Xm P —>■ E, 
E-f: P XTV ^ F. Then the image of <J%{b) is a^{uj\,{b)) + fj for some ip G 
r(Hom(P,P*)). We have for allp^,p^ G r(P), n€ N: 

0 = {a%{b){ujp{pl,)),a%{b){ujp{pl))) 

= {<^Ai^A-ib))ipl) + cr{{uj*A.{b)){pl) + ^{pI)) 

= (o'p(P^)(wA.(6)(n)) + {fj{p^)y{uj*A.{b){n)),al,ip^){uj*^4b){n)) 

+ iij{p^))HuJ*A4b){n))) 

= 0 + {fj{p^{n)),p^{n)) + {fj{p‘^{n)),p\n)) + 0 . 

This shows that ip G r(P* A P*), and so that uj*{(Tp{b)) G .4^(F). 

Finally note that for v G r(P*) and pi,P 2 € r(P), we have 

v\pi{n)) = p'f(0^(n)) +A CTp(pi)(0'^(n)) 
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and so 

(u'f(pi(n)),CTA(0'^)(p2(n))) = (u'l'( 0 "^(n)) crp(pi)( 0 ^(n)), (Tp(p2)(0^ W)) 

= {v,P2){n). 

Hence, since for r € r(Q*), a;*(r'^) is a core section of F over P and 
(w*(Tl')(pi(n)),w*(cr|;(0^))(p2(n))) = {T\u}p{p\n))),a%iO^){ujpip^{n)))) 

= (T(wo(n)),a;p(p2(n))) 

= (a;pr(a;o(n)),p^(n)) = {{uj*pT){n),p'^{n)), 

we find that = (wpr)^. 

Now we check the 3 conditions. (2) and (3) follow immediately from the definition 
of ujp and co*. To see (1), write n A r 2 as ^tit| — . Then 

W* (ti a T2^ = £<.j*ri(wpr2)'*' - (WpTi)''' = WpTi A wj,r2. 

□ 


Remark 3.16. (1) The morphism 

: r(i?) ^ r(Al) 

of modules over Wq : C°°{M) —>■ C°°{N), i.e. the vector bundle morphism 
loa- '■ a* —>■ B* is induced as follows by the three maps in the theorem. If 
X € rg(E) is linear over b G r(i3), then w*(x) is linear over uj\,{b). To 
see that uj\, is well-defined (i.e. u}\, {b) does not depend on the choice of x 
over b), use (1) in the theorem. To see that oj\,{f • b) = oj^f ■ oj\,{b) for 
/ G C°°{M), use that qgf ■ x is linear over / • b and (2) in the theorem. 

( 2 ) A morphism fl: B 2 XM 2 Q 2 Xms Q 2 ^1 ^Mi Qi Xmi Ql of decomposed 
metric double vector bundles is consequently described by lvq ■ Qi ^ Q 2 , 
ujb- Bl —> B 2 and 0112 : Qi A Qi ^ B 2 , all morphisms of vector bundles 
over a smooth map loq ■ Mi —)■ M 2 . 

For b G r(i 32 ) the section b‘ G Tq^{B2 Xms Q2 Xms Q 2 ): b‘{qm) = 
( 6 (m),g™, 0 ^*), is sent byw* to (a;^( 6 ))'-fwj 2 (^) ^ (Hi Xmi Qi Xmi <50, 
where for (j) G r(Hom(Qi, Q(;)), ^ G r^^(Hi Xmi Qi Xmi Qt) is defined 
by ^{qni) = {0^,qm,<P{Qm)). For r G rM 2 (Q 2 ). tbe core section ri G 
rQ^(H 2 Xm 2 Q2 Xm 2 Q 2 ): r'fiqm) = (0®,g™, T(m)), is sent to (u^qT^ G 
rgi(Hi XMi Ql XMi Qi)- 

3.3. Equivalence of [2]-manifolds and metric double vector bundles. In 

this section our goal is to prove the following theorem. 

Theorem 3.17. The category of metric double vector bundles and the category of 
[2]-manifolds are equivalent. 

3.3.1. The functor M{-): MDVB —)• [2]-Man. Let (E, B; Q, M) be a metric double 
vector bundle. We define a [2]-manifold AI(E) as follows. The sheaf A(E) = 
C°°( 7 VJ(E)) of N-graded commutative associative unital M-algebras is generated by 
A°(E) = C°°{M), A^(E) = r(Q*) and the sheaf of degree 2-functions is A^(E). 
The product of n with T 2 G r((5*) is ti A T 2 G A^(E). The product of / G C°°{M) 
with f G A^(E) is gg/ • ^ G A^(E) and the product of elements of with elements 
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of is obvious since r(Q*) is a sheaf of C°°(M)-modules. This proves that y^(E) 
is well-defined. 

Next we check that ^(E) is locally freely generated over C°°{M). Choose 
m € M and a coordinate neighborhood U 3 m such that Q and B are trivialized 
on U by the basis frames {qi,...,qk) and Let (Ti,...,rfe) be the 

dual frame to (qi,..., i.e. a trivialization for Q*. Recall also that after the 
choice of a Lagrangian splitting E: Q x m S —>• E, each element ^ G (E) over 

b G T{B) can be written asib) + (j) with (j) G r((5* A Q*). Since as fi^i^ = 

Y^\=i Qg/i ■ ^sibi) for /i,..., G we conclude that ^(E) is generated on 

U by {ti, ... ,Tk,aB{bi), ■. ■ ,crB{bi)} over C°°{M). 

We have constructed a map Af (•) sending metric double vector bundles to [2]- 
manifolds. By Theorem |3.15| a morphism fl: F E of metric double vector bundles 
is the same as a triple of maps 

ojq-.N^M uj*o: C°°{M) ^ C°°{N), 

w* : A^{E) -G A^(F) and uj*p : r(Q*) ^ r(P*) 

with 

w* (n A Ta) = ujpTi A L0*pT2, q*pUjQf ■ uj*{x) = ^*{qQf ■ x) 

and 

wS/-Wp(t) =UI*if -t) 

for / G C7°°(M) = A°(E), T G T{Q*) = AHE) and y G ^^(E). Hence we find that 
the triple (w*, Wp, Wq) defines a morphism A4(fl) : Af (F) —)• Af (E) of [2]-manifolds. 

We have so defined a functor Af(-): MDVB —>■ [2]-Man from the category of 
metric double vector bundles to the category of [ 2 ]-manifolds. 

3.3.2. The functor Q: [2]-Man —>■ MDVB. Conversely, we construct explicitly a 
metric double vector bundle associated to a given [2]-manifold Af. The idea is to 
adapt the proof of the equivalence between locally free sheaves of C'°°(M)-modules 
with vector bundles over M (see j ]3.1.1 ). 

First we give Pradines’ original definition of a double vector bundle [32] (in the 
smooth and finite-dimensional case). 

Definition 3.18. [321 C. §1] Let M be a smooth manifold and D a set with a map 
A'. D ^ M. A double vector bundle chart is a quintuple c = {U, 0, If, If, Vq), 
where U is an open set in M, Vi, V 2 , V 3 are three vector spaces and 0: n“^([/) —)■ 
17 X Vi X V 2 X Vo « bijection such that H = prj^ o0. 

Two double vector bundle charts c and d are compatible if the “change of chart” 
0' o 0“^ over U DU' has the following form: 

{x,Vi,V 2 ,Vo) {x, Ai{x)vi, A 2 {x)v 2 , Ao{x)vo +Uj{x){vi,V 2 )) 

with x G U n U', Vi G Vi, Ai G C°°{M,G\{Vi)) for i = 0,1,2 and 
w G C~(M,Hom(Vi O V 2 , Vo)). 

A double vector bundle atlas ^ on D is a set of double vector bundle charts 
of D that are pairwise compatible and such that the set of underlying open sets in 
M is a covering of M. As usual, two double vector bundle atlases 2li and 212 o,re 
equivalent if their union is an atlas. A double vector bundle structure on D is an 
equivalence class of double vector bundle atlases on D. 
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Given a [2]-manifold M, we interpret its functions as the components of a double 
vector bundle atlas, and show that the obtained double vector bundle has a natural 
metric structure. 

Let M be the smooth manifold underlying M. and assume that M. has dimension 
{l-,m,n). Choose a maximal open covering {Ua} of M such that A{Ua) is freely 
generated by ,...,(in degree 1) and lyf ,..., 77“ (degree 2 generators). Choose 
now a, j3 such that Uaf^Ufj ^ 0. Then each generator can be written in a unique 
manner as J^JLi ^ C°°{Ua n Up). Each generator can be written 

j—1 y l<fc</<?7i 

with G C-(C/<, n Up). Set Af = G C~(M, G1(K™*)), Af = 

i'^ap)i,j e C'“(M,G1(M")). Define G ^“(M, Hom(M™ 0 K", K™*)) by 
u“^(ei, ej)(ei) = for 1 < i < I < m and j = l,...,n. Then by construc¬ 
tion 

AJ'^ ■ Af = Af, • Af = Af and 

(24) v^\A{^\e,),Af{e,)){^i) = *(e,), (e,), e,) 

+ u“'^(<*(e.),Glf(e,))(4l7“*e,). 

Set E = [J^ Ua X K™ X K” x K"** (the disjoint union) and identify 
ix,vi,V2jo) G C/j X X M" X M™* 

with 

(x,{Af’^{x))*{vi),A2^{x){v2),A'^^{x){lo) + i'°‘>^{x){{A^°'{x))*(vi),A“^{x){v2))^ 

in Ua X X M" x K™* for a; G UaUUp. The cocycle equations ( |24| imply that 
this defines an equivalence relation on E. The quotient space is E, a double vector 
bundle that does not depend anymore on the choice of charts covering M. The 
map 11: E —)■ M, (x,vi,V 2 ,lo) >—t a: is well-defined and, by construction, the charts 
c = {Ua, 0a = Id, K™, K", M™*) define a double vector bundle atlas on E. Since the 
covering was chosen to be maximal, the obtained double atlas of E does not depend 
on any choices. 

Recall from the proof of Theorem |3.3| that there are two vector bundles E-i 
and E-2 associated canonically to a [2]-manifold (only the inclusion of r(i5l2) 
in A? is non-canonical). i?_i and EI 2 are the sides of E and E*_^ is the core of 
E. The vector bundle E*_^ can be defined by the transition functions and 
E-i = Ll^ Ua X M", {x,v) ^ {x, A'^^ {x){v)) for a: G Ua n Up. The vector bundle 
E-2 can be defined in the same manner using ^ 2 ^ and the model space M™. 

We use this to define a linear metric on E. Over a chart domain Ua we set 

{{x,Vi,V2,lo), {x,v[,V2,lo)) = lo{v[) + I'oivi). 

By construction, this does not depend on the choice of a with x G Ua. 

Again by definition of the morphisms in the category of [2]-manifolds and in the 
category of metric double vector bundles, this defines a functor Q: [2]-Man —>■ MDVB 
between the two categories. 
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3.3.3. Equivalence of categories. Finally we need to prove that the two obtained 
functors define an equivalence of categories. The functor Q o A4{-) is the functor 
that sends a metric double vector bundle to its maximal double vector bundle atlas, 
hence it is naturally isomorphic to the identity functor. 

The functor A^(-) o Q: [2]-Man —)■ [2]-Man sends a [2]-manifold M over M with 
degree 1 local generators and cocycles and degree 2 generators 77 ^ and 
cocycles and Vap to the sheaf of core and Lagrangian linear sections of Q{M). 
There is an obvious natural isomorphism between this functor and the identity 
functor [2]-Man [2]-Man. 


3.3.4. Correspondence of splittings. Decomposed metric double vector bundles i? x m 
Q Xm Q* are equivalent to split [ 2 ]-manifolds. 

Choose a metric double vector bundle and the corresponding [2]- 

manifold A4. Each choice of a Lagrangian decomposition I of E is equivalent to 
a choice of splitting S of the corresponding [2]-manifold, such that the following 
diagram commutes 


M{-) 

X(E) — 


Q Xm B Xm Q* 


M(-) 

Y 




Note also that the category of split [2]-manifolds is equivalent to the category 
of [ 2 ]-manifolds, and the category of decomposed metric double vector bundles is 
equivalent to the category of metric double vector bundles. We will often use this 
in the following sections. 


4. Poisson [2]-manifolds and metric VB-algebroids. 

In this section we study [2]-manifolds endowed with a Poisson structure of degree 
—2. We show how split Poisson [2]-manifolds are equivalent to a special family 
of 2-representations. Then we prove that Poisson [2]-manifolds are equivalent to 
metric double vector bundles endowed with a linear Lie algebroid structure that is 
compatible with the metric. 

Definition 4.1. A Poisson \2]-manifold is a [2]-manifold endowed with a Poisson 
structure of degree —2. A morphism of Poisson [2]-manifolds is a morphism of 
[2]-manifolds that preserves the Poisson structure. 

Note that a Poisson bracket of degree —2 on a [2]-manifold A4 is an M-bilinear 
map {•,•}: x —)■ of the graded sheaves of functions, such 

tha10deg{^, 77 } = deg^ -I- deg 77 — 2 for homogeneous elements ^,77 S Cj^{U). The 
bracket is graded skew-symmetric; { 5 , 77 } = —(— 1 ) 1^1 '’*'{ 17 , and satisfies the graded 
Leibniz and Jacobi identities 

(25) {^ 1)^2 ■ Cs} = {Ci>‘? 2 } • fs + 

and 

(26) Ui,U 2 , 6 }} = {{Cl, 6 }, 6 } + (-l)'^^"«^'{C2,{Cl,C3}} 

for homogeneous ^ 1 ,^ 2,^3 ^ C^{U). 

^We will also write |^| for the degree of a homogeneous element ^ G 
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A morphism n: Aii ^ M 2 of Poisson [2]-manifolds satisfies 
for all ^ 1,^2 e U open in M 2 . 

4.1. Split Poisson [2]-manifolds and self-dual 2-representations. We begin 
by defining self-dual 2 -representations. 

Definition 4.2. Let {A, p, [■, •]) be a Lie algebroid. A 2-representation , R) 

of A on a complex dq: Q* ^ Q is said to be self-dual if it equals its dual, i.e. 

( 1 ) dq = d*Q, 

(2) and V^* are dual to each other, 

(3) and R* =-Ren^{A,llom{Q,Q*)). 

Then we prove the following result. 


Theorem 4.3. There is a bisection between split Poisson 2-manifolds and self-dual 
2-representations. 


Proof. First let us consider a split 2-manifold A4 = (5[—1] © B*[—2]. That is, Q 
and B are vector bundles over M and the functions of degree 0 on A4 are the 
elements of the functions of degree 1 are sections of Q* and the functions 

of degree 2 are sections oi B (B Q* A Q*. Let us now take any Poisson bracket {•, •} 
of degree —2 on In the following, we consider arbitrary /, /i, /2 G C°°{M), 

t,ti,T 2 e r(Q*), and 6 , 6 i ,&2 S r(i3). 

The brackets {/i,/ 2 }, {/,t} have degree —2 and —1, respectively, and must 
hence vanish. The bracket {ti,T 2 } is a function on M because it has degree 
0. Since {/, t} = 0 for all / S C°°{M) and r S r(Q*), this defines a vector 
bundle morphism dq: Q* ^ Q hy ([25]): {T 2 ,dq{Ti)) = {ti,T 2 }. Since {Ti,r 2 } = 
— (—''"i} = {''■ 2 ,Ti}, we find that dq = dq. The Poisson bracket {b, f} has 
degree 0 and is hence an element of C°°{M). Again by (251, this defines a derivation 

•}|c“(M) of hence a vector field psib) G X(M); {b, f} = pB{b){f). By 

the Leibnitz identity (25) for the Poisson bracket and the equality {/i,/ 2 } = 0 
for all /i ,/2 G we get in this manner a vector bundle morphism (an 

anchor) ps: B ^ TM. The bracket {b,T} has degree 1 and is hence a section 
of Q*. Since {b, fr} = /{6,t} + { 6 ,/}r = /{5,t} + pB{b){f)T and {/ 6 ,r} = 
/{ 6 , r} + {/, r }6 = /{ 6 , r}, we find a linear B-connection V on Q* by setting 
VfeT = {5 ,t}. Let us finally look at the bracket {&i,& 2 }- This function has degree 
2 and is hence the sum of a section of B and a section of Q* A Q*. We write 
{^ 1 ,^ 2 } = [bi,b 2 ] - R{bi,b 2 ) with [ 61 , 62 ] G r(i3) and i?( 6 i, 62 ) G r(Q* A Q*). By 
a similar reasoning as before, we find that this defines a skew-symmetric bracket 
[•, •] on r(i?) that satisfies a Leibniz equality with respect to pB, and an element 
R G Ll^{B,}loia{Q,Q*)) such that R* = —R. Note also here that the bracket 
{ 6 , (/)} for (f G r((5* A Q*) C r(Hom(Q, Q*)) is just where is the 

S-connection induced on Hom((3,(5*) by V and V*. 


Now we will show that the dull algebroid structure on B is in reality a Lie 
algebroid structure, and that (V,V*,i?) is a self-dual 2-representation of B on 
dq: Q Q*. In order to do this, we only need to recall that the Poisson structure 
{•, •} satisfies the Jacobi identity. The Jacobi identity for the three functions 61 , 62 , / 
yields the compatibility of the anchor on B with the bracket on r{B). The Jacobi 
identity for 6 , ti, T 2 yields 9 qoV = V*odq, and the Jacobi identity for 61 , 62 , r yields 
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i?v = Ro Oq. The equality i?v* = dq o R follows using dq = dg, R* = —R and 
Ry = —i?v The Jacobi identity for 61 , 62,^3 € r(iJ) yields in a straightforward 
manner the Jacobi identity for [•, •] on sections of T{B) and the equation dyHom = 0. 

Take conversely a self dual 2-representation of a Lie algebroid B on a 2-term 
complex dq: Q* ^ Q and consider the [2]-manifold M = (5[—1] © i?*[—2]. Then 
the self-dual 2-representation defines as described above a Poisson bracket of degree 
-2onC'“(AJ). □ 

Next take two split [2]-manifolds Qi © S* and Q 2 © B^ over Mi and M 2 , re¬ 
spectively, endowed with two Poisson structures of degree —2. By the preceding 
theorem, we have hence two self-dual 2 -representations: Bi acts on dq^ ■ Q* ^ Qi 
via : r(-Bi) x r((5i) — )■ r(Qi) and Ri G Vi^{Bi,Q\ A Ql), and B 2 acts on 
dq, :Q*2^Q2 via : T{B2) x r(Q2) ^ r(g2) and R2 G n^{B2,Q*2 A Q^). 

A computation shows that a morphism /r: Qi © S* —> ^2 © preserves the 
Poisson structures if and only if its decomposition /xq : Mi —> M 2 , lJ.q'- Qi —> 
Q 2 , Hb- Bl —)■ B 2 and ^qs G ^^{Qi,ijjQB 2 ) define a morphism of self-dual 2- 
representations. That is: 

( 1 ) =Mb[^g^ 2]2 for all &i ,&2 G r(B 2 ), 

(2) PB^{pBib)) ~/xo PB^ib) for all b G T{B), 

(3) {p*qi'ri),dq,Pq{T2)) = (Ti,dq^T2} for all Ti,r2 G r(g2): 

( 4 ) Pqi'^lT) = - PQBib) o dq,n*q{T) for all b G r{B2) and r G 

r(Q^), and 

(5) i?i(Ai^j(&i),/XB(&2)) - P*qR2{bi,b2) = -p*qB{bi,b2] + ^p^{b^)PqBib2) 

- pBp>2)PqBibi) + Mqb(&2) o dq,fj,*qBibi) - « 5qiMqb(^2)- 

In the fourth and fifth equation, PqB{b) is seen as a section of Hom(g, Q*). Note 
that if Ml = M 2 = M and ojq = Wm, then (l)-(3) translate to 

(1) Hb ■ B 2 ^ Bi is a Lie algebroid morphism, 

( 2 ) pqodq, ofx*Q= dq^. 

4.1.1. Symplectic [2]-manifolds. Note that an ordinary Poisson manifold (M, {• ,•}) 
is symplectic if and only if the vector bundle morphism T*M ^ TM dehned by 
df I—> Xf is surjective, where Xf G X{M) is the derivation {/,•}. Alternatively, we 
can say that the Poisson manifold is symplectic if the image of the map jj: C°°{M) —)■ 
X{M), f !-)• {/, •} generates X{M) as a C°°(M)-module. 

In the same manner, if (A4, {•, •}) is a Poisson [n]-manifold, the map ft: C°°{A4) —>■ 
Der(C'°°(A4)) sends ^ to {^, •}. Then (A4, {•, •}) is a symplectic [n]-manifold if 
the image of this map generates Der(C'°°(A4)) as a C'°°(A4)-module. 

Let {qE- E —)• M, {■,■)) be an Euclidean vector bundle, i.e. a vector bundle 
endowed with a nondegenerate fiberwise pairing {■,■): E x m E —>■ 'R. Choose a 
metric connection V: X{M) x r(i?) —> r(A). Then, identifing E with E* via 
the metric, we find that the 2 -representation (Id^: E —> A, V,V,i?v) is self¬ 
dual (an easy calculation shows that if V is metric, then {R^{Xi, X 2 )ei,e 2 ) = 
— (i?v(Ai, A2)e2, Cl) for all 61,62 G T{E) and Ai, A2 G X{M)). Consider the split 
Poisson [2]-manifold A[—1] ©T*M[—2], with the Poisson bracket given by the metric 
connection V: X{M) x r{E) —> T{E). That is, the Poisson bracket is given by 

{/i,/2} = 0, {/,^(6)} = 0, {^(61),/3(e2)} =/3(e2)(6i) = (61,62), 
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and 


{X,a = ^(Vxe), {XJ} = X{f) 

{Xi,X2} = [Xi,X2]-RviXi,X2). 


Recall from (20) the special derivations that we found on split [n]-manifolds. 
The function ft: C°°{E[-1] 0 T*M[-2]) -)■ Der(C'°°(i;[-l] © T*M[-2])) sends a 
function / of degree 0 to d/, a derivation of degree —2. sends /3(e) to e + /3(V.e), 
which is a derivation of degree —1. Note that /3(V.e) can be written as a sum 
^■/3(ei)d/i with some sections G r(i?) and functions fi G C°°{M). Finally j) 
sends X to X + (3 o x o j3~^ + [X, ■] — R{X, •), which is a derivation of degree 
0. Note that R{X, ■) can be written as /3(ei)/3(ej)d/ij for some sections Ci, Cj G 
r(i3) and some functions in C°°{M). Hence, since the derivations d/, e and 
X + l3oVxo(3~^ + [X,-] for / G e G r(£;) and X G X(M), span 

Der(C'°°(F;[-l] © T*M[-2])) as a C°°{E[-l] © T*M[-2])-module, we find as a 
consequence that i?[—1] © T*M[—2] is a symplectic [2]-manifold. 


More generally, take a split Poisson [2]-manifold Q)—1]©i3*[—2], hence a self-dual 
2-representation (dg: Q* Q, V, V*,i?) of a Lie algebroid B. Then jj/ = p|jd/ 
for all / G C“(M), = Sqt - V*r and = peib) + V* + [ 6 , •] - R{b, •)■ A 

discussion as the one above shows that the Poisson structure is symplectic if 
and only ii ps - B ^ TM is injective and surjective, hence an isomorphism and 
dq'. Q* ^ Q IS surjective, hence an isomorphism. The isomorphism dq identifies 
then Q with its dual and Q becomes so an Euclidean bundle with the pairing 
{qi,<l 2 )q = {dq^{qi),q 2 ) = {dq^qi,9Q^q2}- Via the identification dq: Q* ^ Q, the 
linear connection V is then automatically a metric connection and the self-dual 
2-representation is (Idg : Q —?► Q, V, V, Ry). 

We have hence found that split symplectic [2]-manifolds are equivalent to self-dual 
2-representation (Idg: E ^ E,X,X, Ry) defined by an Euclidean vector bundle E 
together with a metric connection V, see also |34) . 


4.2. Metric VB-algebroids. Next we introduce the notion of metric VB-algebroids. 

Definition 4.4. Let {D;Q, B; M) be a metric double vector bundle (with core Q*) 
and assume that (D Q, B ^ M) is a VB-algebroid. Then {D ^ Q,B ^ M) is 
a metric VB-algebroid if the isomorphism (3: D ^ D ^B is an isomorphism of 
VB-algebroids. 

A morphism H: E 2 —>■ Ei of metric VB-algebroids is a morphism of the underlying 
metric double vector bundles, such that H C E 2 x Ei is a subalgebroid. 

Recall from Theorem |2.6| that linear splittings of VB-algebroids define 2-represen- 
tations. We will prove that Lagrangian splittings of metric VB-algebroids correspond 
to self-dual 2 -representations. 

Proposition 4.5. Let (E —>■ Q, R —>■ M) be a VB-algebroid with core Q* and 
assume that E is endowed with a linear metric. Choose a Lagrangian decomposition 
o/E and consider the corresponding 2-representation of B on dq'. Q* ^ Q. This 
2-representation is self-dual if and only //(E —>■ Q, R —> M) is a metric VB-algehroid. 

Proof. It is easy to see that /3: E —>■ E ^^R sends core sections rl G rQ(E) to core 
sections G rg(E ^^R). (As always, we identify Q** with Q via the canonical 
isomorphism.) Let H: B Xm Q —t Ebea Lagrangian splitting of E. We have 
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seen in Section 

B'-ns) 


2.2.3 


a 


that the map as'- r(i3) —rQ(E) induces a horizontal lift 

that f3 sends also the linear sections 


Fq^E'^Fb). Recall from Lemma 


3.7 


asib) to for all b G T{B). 

The double vector bundle E has a VB-algebroid structure (E ^B -G Q**, B -G 
M) (see (2.3). Given the splitting E*: B Xm Q** —>■ E defined by a Lagrangian 
splitting E: B Xm Q —>■ E, the VB-algebroid structure is given by the dual of the 
2-representation {dg: Q* -G ,R G r2^(B, Hom((5, Q*))), i.e. 

GX^Q**), 

[cr*B{b),T^ = {V^tY, and 
[0-3(61), (7^(62)] = cr3[6i,62] -f 77(61,62)* 


(see (2.4.1 1 . This shows immediately that /3 is an isomorphism of VB-algebroids over 

if and only if the 2-representation {dg : Q* -G 

□ 


the canonical isomorphism Q ^ Q* 

Q, V*^, , R G G^(B, Hom((5, Q*))) is self-dual. 


Recall that a morphism 17 C E 2 x Ei of metric double vector bundles has 
four components: a smooth map ujq ■ Mi -G M 2 of the double bases, two vector 
bundle morphisms cog '■ Qi ^ Q 2 and ujb : B* —>■ B 2 over wq and a vector valued 
2-form uj G r7^(Qi,a;gB 2 ). Choose two Lagrangian splittings E^: Qi Xmi Bi —>• 
El and E^: Q 2 Xjvfa 7?2 —E 2 and the corresponding self-dual 2 -representations. 
Using Section 3.2.2, we note that 17 is spanned over (graph(wQ) C Qi x Q 2 ) by 
sections rV graph(a;Q) -> 17, {qm,ujg{qm)) = {uigiry {qm),T'^(ujgiqm))) for all 
T e r(Q^) and cr( 6 ): graph(wQ) 17, a{b){q^,ujg{qm)) = (^Si (‘aB(^))('7m) + 

^*{b){qm),crB^{b){u}g{qm))) for all 6 e r(B 2 ). 

A straightforward computation shows that 17 is a subalgebroid over graph(a;Q) of 
E 2 X El if and only if uJo,ujg,uiB,i^ and the two self-dual 2-representations satisfy 


Conditions (1) to (5) on Page 36 


( 1 ) [uj*j^{bi),uj*g{b2)]i = a;3[6i,62]2 for all 61,62 G r(B2), 

(2) pB,(a;^(6)) PbA^) for all 6 G r(B), 

(3) (w^(ri),aQ,w^(r 2 )) = {Ti,dg^T 2 ) for all ri,T 2 G r(Q^), 

(4) w^(Vbr) = yi»(j,)a;^(T)-w*( 6 )oaQ^a;^(T) for all 6 G r(B 2 ) and r G r(Q5), 
and 

(5) Bi(a;|j( 6 i),a;^( 62 )) - a;^B 2 ( 6 i, 62 ) = -^*[ 61 , 62 ] -b Vc„^(&i)W*( 62 ) 

- (b,)W*( 6 i) -b ^*( 62 ) o dg^uj*{bi) - uj*{bi) o dg^uj*{b 2 ). 

4.3. Equivalence of Poisson [2]-nianifolds with metric VB-algebroids. The 

functors found in Section |3.3| between the category of metric double vector bundles 
and the category of [ 2 ]-manifolds restrict to functors between the category of metric 
VB-algebroids and the category of Poisson [2]-manifolds. 

Theorem 4.6. The category of Poisson [2]-manifolds is equivalent to the category 
of metric VB-algebroids. 


Proof. Let (A4, {•,•}) be a Poisson [2]-manifold and consider the corresponding 
double vector bundle E^vf. Choose a splitting M ~ (5[—1] ® B*[—2] of M. and 
consider the corresponding Lagrangian splitting E of E^vt. 
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As we have seen in Theorem 4.3 the split Poisson 2-manifold Q[—1] 0 B*[—2] 
is equivalent to a self-dual 2-representation of a Lie algebroid structure on S on a 
morphism dq: Q* ^ Q. This 2-representation defines a VB-algebroid structure on 
the decomposition of and so by isomorphism on E^vt ■ Proposition |4.5| implies 
then that the Lie algebroid structure is compatible with the metric. The metric Lie 
algebroid structure on E^vt does not depend on the choice of splitting of A4. Hence, 
the functor Q restricts to a functor Gpoi from the category of Poisson [2]-manifolds 
to metric VB-algebroids. 


The discussions at the end of Sections 4.1 and 4.2 show that morphisms of 
split Poisson [2]-manifolds are sent by Q to morphisms of decomposed metric VB- 
algebroids. 

The functor J- restricts in a similar manner to a functor J-pA from the category 
of metric VB-algebroids to the category of Poisson [2]-manifolds. The natural trans¬ 
formations found in the proof of Theorem |3.17| restrict to natural transformations 
T-laGpoi — Id and Gpoi^pA — Id. □ 

4.4. Examples. We conclude by discussing three important classes of examples. 

4.4.1. Tangent doubles of Euclidean bundles vs symplectic [2]-manifolds. Consider an 
Euclidean vector bundle E ^ M and a metric connection V: X(M) x r(E) -A- T{E). 
The double tangent 

Vp: 


Tqe 



Pm 


has a VB-algebroid structure {TE 
(•,•): TE Xtm TE -A K defined as in Example 3.11 


E]TM -A M) and a linear metric 


Recall that Lagrangian linear splittings oiTE are equivalent to metric connections 
V: X{M) X T{E) -A T{E), i.e. connections that preserve the pairing: d(ei,e 2 ) = 
(V.ei,e2) + (ei, V.e2) for all 61,62 € r(E). In other words, V = V* when E* is 
identified with E via the non-degenerate pairing. The 2-representation (Id^;: E -A 
A, V, V, i?v) defined by the Lagrangian splitting : E Xm TM -A TE and the 
VB-algebroid {TE -A E,TM -A M) is then self-dual (see also (4.1.1). 


The Poisson [2]-manifold M.{TE) associated to TE is given as follows. The 
functions of degree 0 are elements of C°°{M), the functions of degree 1 are sections 
of E {E is identified with E* via the isomorphism (3: E -A E* defined by the 
pairing) and the functions of degree 2 are the vector fields A on A that preserve 
the pairing, i.e. X = D G X{E) for a derivation Dj^ over X G X(M), that preserves 
the pairing. The Poisson bracket is given by {X,Y} = [A, V], {A,e} = Dj^{e) and 
{X,f} = A(/), { 61 , 62 } = ( 61 , 62 ), and {ej} = {/i,/ 2 } = 0 for all 6 , 61,62 G r(E), 
/)/i )/2 G C°°{M) and A,y G X^'’'^’*(E). The Poisson [2]-manifold M{TE) splits 
as the split Poisson [2]-manifold described in (4.1.1 It is hence symplectic. Thus, 
we have found that the equivalence found in this section restricts to an equivalence 
of symplectic [2]-manifolds with tangent doubles of Euclidean vector bundles. 

4.4.2. The metric double of a VB-algebroid. Take a VB-algebroid {D ^ A, B ^ M) 
with core C and a linear splitting E: Axm B ^ D. Let {Oa '■ C ^ A, , R G 

11^(5, Hom(A, C))) be the 2-representation of the Lie algebroid B that is induced 
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by S and the VB-algebroid {D ^ A, B ^ M). Recall from Section 12.4.1 t hat 
{D C*, B ^ M) has an induced VB-algebroid structure and from Lemma 


2.3 


that the splitting E induces a splitting E* : B XmC* —>■ D^B. The 2-representation 
that is defined by this splitting and this VB-algebroid is the 2-representation 

The direct sum D (Bb {D ^B) over B 


{dl-.A 


D®b (D^B) - ^B 

Y 

A®C* -^ M 

has then a VB-algebroid structure {D (Bb {D ^B) —>• A 0 C* , i? —)■ M) with core 
C (B A*. It is easy to see that E and E* define a linear splitting E: R (4l © 
C*) D®b {D^B), fs{bm,{am,lm,)) = {bm, Im)) ■ The induced 

2-representation is 

{dA(Bd*A: C©y 1* ^ A©C'*,V^©V^*,V^©V^*,i?©(-i?*)), 

a self-dual 2-representation of the Lie algebroid B. This gives us a new class of 
examples of (split) Poisson 2-manifolds induced from ordinary 2-representations or 
VB-algebroids. Note that the splittings of D®b{D^B) obtained as above are not the 
only Lagrangian splittings, and that the Example of [TA(BT* A —>■ TM(BA* , A —)■ M) 
discussed in the next example and in |15] is a special case. 


4.4.3. The Pontryagin algebroid over a Lie algebroid. If A is a Lie algebroid, then 
since TA = T*A, the double vector bundle T*A has a VB-algebroid structure 
(T*A —>■ A*, A —)■ M) with core T*M. As a consequence, the fibered product 
TA ©^ T*A has a VB-algebroid structure {TA ©^ T*A —)■ TM © A*,A —>■ M). 
Recall from Example |3.12 that {TA © T*A]TM © A*,A;M) has also a natural 
linear metric, which is given by (23). 

Recall from Example |3.I2| that linear splittings of TA ©^ T*A are in bijection 
with dull brackets on sections of TM © A*, and so also with Dorfman connections 
A: r(TM© A*) X r(A©T*M) —>'r(A©T*M). We give in [15] the 2-representation 
((p, p*): A © T*M ^ TM © A*, R'^^) of A that is defined by the VB- 

algebroid (TA©aT*A —>■ TM(BA*,A^ M) side and any such Dorfman connection: 
The connections : r(A) xr(A©T*M) ^ r(A©T*M) and : r(A)xr(TM© 
A*) ^ r(TM© A*) are 

V^^(A, a) = (p, p*){Ll(x,o.)a) + £a{X, a) 

and 

V^^(6,0)=O(,.,.)(b,e)a +A(6,0), 
where fl: T{TM © A*) x r(A) —)■ r(A © T*M) is defined by 
^(x,a)a = A(^x,a){a,0) - (0,d(Q!,a)) 
and for a G r(A), the derivations £a over p(a) are defined by: 

£a: r(A©T*M) ^r(A©T*M), £a{b,6) = ([a,6], Tp(,)0) 

and 

A : r(TM © A*) ^ r(TM © A*), T,(A, a) = ([p(a), X], T.a). 
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We prove in [15] that the two connections above are dual to each other if and only if 
the dull bracket dual to A is skew-symmetric. Hence, the two connections are dual 
to each other if and only if the chosen linear splitting is Lagrangian (see Example 


3.12). The basic curvature 


bas 


TD 


: r(H) X r(H) X r(rM 0 a*) t{a 0 t*m) 


is given by 

+ £a — £b (^(x,5)a) 

Assume that the linear splitting is Lagrangian. A relatively long but straightforward 
computation shows that and so that the 2-representation is self-dual. 

Hence {TA 0^ T* A ^ TM (B A*, A ^ M) is a metric VB-algebroid. 


5. Split Lie 2-algebroids and Dorfman 2-representations 

In this section we recall the notions of Courant algebroids, Dirac structures, dull 
algebroids and Dorfman connections. Then we discuss (split) Lie 2-algebroids and 
the dual Dorfman 2-representations. We give several classes of examples of split Lie 
2 -algebroids. 

5.1. Preliminaries. We introduce in this section a slights generalisations of the 
notion of Courant algebroid, namely degenerate Courant algebroids and Courant 
algebroids with pairing in a vector bundle. Degenerate Courant algebroids will 
appear naturally in our study of LA-Courant algebroids, and we will see that the fat 
bundle associated to a VB-Courant algebroid will carry a natural Courant algebroid 
structure with pairing in a vector bundle. 

In the following, an anchored vector bundle is a vector bundle Q ^ M endowed 
with a vector bundle morphism pg: Q ^ TM over the identity. An anchored vector 
bundle {Q M,pq) and a vector bundle B ^ M are said to be paired if there 
exists a fibrewise pairing (•,•): Q Xm B and a map : C°°{M) r(i3) such 

that 

(27) {qAef) = PQ{q){f) 

for all q S r((5) and / S C°°{M). The triple {B, d^, (• , •)) will be called a pre-dual 
of Q and Q and B are said to be paired by (•,•). 

Consider an anchored vector bundle (E —> M,p) and a vector bundle V over the 
same base M together with a map p: r(E) —^ Der(H), such that the symbol of p(e) 
is p{e) £ X(M) for all e £ r(E). Assume that E is paired with itself via a pairing 
(•,•): E Xm E —>■ H with values in V and that there exists a map V: r(H) —>■ r(E) 
such that {Dv, e) = p{e){v) for all v £ r(H). 

Then E —> M is a degenerate Courant algebroid with pairing in V over 
the manifold M if E is in addition equipped with an K-bilinear bracket |-, •] on the 
smooth sections r(E) such that the following conditions are satisfied: 

(CAl) |ei, |e 2 , Call = ||ei, ezl, cal 0 [es, [ei, call, 

(CA2) p(ei)(e 2 , ea) = (|ei, 62 !, ea) 0 (e 2 , [ei, 63 ]), 

(CA3) |ei, 62 ] 0 |e 2 . Cl] = I?(ei, 62 ), 

(CA4) p(|ei,e 2 l) = [p(ei),p(e 2 )], 

(CA5) |ei, /e 2 l = /[ci, 62 ! 0 (p(ei)/)e 2 
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for all 61 , 62,63 G r(E) and / G C°°{M). If the pairing (•, •) is nondegenerate, 
then (E —> M, p, (•,•), |-, •]) is a Courant algebroid with pairing in V. If 

V = IRxM—J-Mis the trivial bundle and the pairing is nondegenerate, then 

V = op* o d: —>■ r(E), where jS is the isomorphism E — > E* given by 

/3(6) = ( 6 , •) for all 6 G E. The quadruple (E — )• M, p, (•, •)! [’ i ’1) is then a Courant 
algebroid [2TJ|33] and Conditions (CA4) and (CA5) follow then from (CAl), (CA2) 
and (CAS) (see [37] and also m for a quicker proof). 

In our study of VB-Courant algebroids, we will need the following two lemmas. 

Lemma 5.1 ([34]). Let (E — M, p, (•,•), |-, •]) be a Courant algebroid. For all 
9 G Li^{M) and e G r(E), we have: 

[ 6 , r = r V*(i^p(e)0), ir ei = -r V*(ip(e)d0) 

and 

(28) p{r^p*0) = 0 . 

In particular, it follows from ( |2^ that 

(29) poX> = 0. 

Lemma 5.2 ([H]). Let E ^ M be a vector bundle, p: E —>■ TM be a bundle 
map, (•, •) a bundle metric on E, and let S C r(E) be a subspace of sections which 
generates r(E) as a C°°{M)-module. Suppose that |-, •] : 5 x 5 —)■ 5 is a bracket 
which satisfies 

(1) |si, |S 2 , S 3 II = IIsi, S 2 I, S 3 I + |S2, [si, Sail, 

(2) p(si)(s2, S 3 ) = ([si, S 2 ], S 3 ) + (S 2 , |si, S 3 ]), 

( 3 ) |si,S2| + |s2,Si| = p*d(si,S2), 

( 4 ) p[si,S2| = [p(si),p(s2)], 

for any Si G S, and that p o p* = 0. Then there is a unique extension of |-, •] to a 
bracket on all ofT{E) such that (E,p, (•, •), |-, •]) is a Courant algebroid. 

A Dirac structure with support in a Courant algebroid E —?> M is a subbundle 
D ^ S over a sub-manifold S of M, such that D{s) is maximal isotropic in E(s) for 
all s G S' and 


ei|s € rs(£)), 62 G rs(L)) ^ [6 i,62||s G rs(L>) 

for all 61,62 G r(E). 

We will use the following lemma in two of our technical proofs involving Dirac 
structures with support. We leave the proof to the reader. 

Lemma 5.3. Let E —>■ M be a Courant algebroid and D ^ S a subbundle; with S 
a sub-manifold of M. Assume that D ^ S is spanned by the restrictions to S of a 
family S C r(E) of sections of E. Then D is a Dirac structure with support S if 
and only if 

(1) pe(6)(s) G TgS for all e G S and s G S, 

(2) Ds is Lagrangian in Eg for all s G S and 

( 3 ) |ei,e2||s G TsiD) for all 61,62 G S. 

Next we recall the notion of Dorfman connection m- 
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Definition 5.4. Let (Q —>■ M,pq) be an anchored vector bundle and let (B —>■ 
,■)) be paired with {Q,pq). A Dorfman (Q-) connection on B is an 
M-Zmear map 

A: r(Q) ^ Der(B) 

such that 

(1) Aq is a derivation over pgiq) G X(M), 

(2) A fqb = fAqb + {q, b) -dsf and 

(3) Aqdsf = dBipqlq)/) 

for all f G q,q' G T{Q), b G T{B). 


In the last definition, the map {q, ■)dBf ■ B 
i.e. a derivation over 0 G X{M). 


B is seen as a section of Hom(i?, B), 


Remark 5.5. Note that if the pairing (•, •) ; Q Xm R —t R is nondegenerate, then 
B Q* and the map = dg.: C°^{M) r((5*) is defined by (27): we have 

then dg./ = Pgdf for all / G C°°{M). 

The map A* : r((5) x r((5) —>■ r((5) that is dual to A in the sense of dual 
derivations, i.e. (A*^q' 2 ,T) = pg(gi)(g 2 ,r) - {q 2 ,Aq^T) for all qi,q 2 G r((5) and 
T G r((3*) defines then a dull bracket on r((5): 

191,921 A = A*q^q2 

in the sense of the following definition. 


Definition 5.6. A dull algebroid is an anchored vector bundle {Q M,pq) with 
a bracket |-, •] on r(Q) such that 

(30) Pq[9i,921 = [pq(9i),Pq(92)] 

and (the Leibniz identity) 

[/i9i,/292l = /i/2[9i,92l +/iPq(9i)(/2)92 - /2Pq(92){/i)9i 
for all /i ,/2 G C^{M), qi,q 2 G r(Q). 


In other words, a dull algebroid is a Lie algebroid if its bracket is in addition 
skew-symmetric and satisfies the Jacobi identity. Note that a skew symmetric dull 
bracket can be constructed as follows from an arbitrary dull bracket on Q; the 
skew-symmetrisation |-, •]' of |-, -j is defined by |9i, 92 F = 5 (l9i, 92 I - [ 92 ,9il) for 
all 91,92 G r(Q). 

Assume that A: r((5) —)■ r((5*) —>■ r((5*) is a Dorfman connection and let |-, -Ja 
be the dual dull bracket. Note that ( [30| is equivalent to (3) in Definition 5.4 and 
the Leibniz identity corresponds to (2) and (3). 

The curvature of a general Dorfman connection A: r((3) x T{B) —>■ r(i?) is the 
map 

RA:T{Q)xT{Q)^r{B* ^B), 

defined on q,q' G r((5) by i?A(9,9') := A,A,/ - A,/A, - A^q^q,]^^. 1{ B ^ Q* and 
the pairing is the natural one, the curvature is equivalent to the Jacobiator of the 
dull bracket: 


( 31 ) (T,JaC|._.|^ (91,172,93)) = (-Ra( 9 i, 92 )t, 93 ) 

for 91,92,93 G r((5) and b G r(i?), where 

JaC|. ,.1^(91,92,93) = I[ 9 l, 921 a, 931 a + [92, [91, 931 a - [91, I 92 , 931 a 1 a 
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is the Jacobiator of |- , -Ja in Leibniz form. Hence, the Dorfman connection is flat if 
and only If the corresponding dull bracket satisfies the Jacobi identity in Leibniz 
form Igi, |g2,g3lAlA = [[gi, g 2 lA,gaU + [g2,[gi,g3lA for all 51 , 92,53 g r(Q). A 
flat Dorfman connection Is called a Dorfman representation. If the dual dull 
bracket is in addition skew-symmetric. The dull bracket [• ,-1 a and the anchor pq 
define then a Lie algebroid structure on r((3). Conversely, given a Lie algebrold A, 
then the Lie derivative : r(A) x r(A*) —>■ r(A*) Is a Dorfman representation. 
Hence, Lie algebroids are dual to Dorfman representations. 


Assume that {Q,Pq) is an anchored vector bundle with a Dorfman connection 
A : r((5) X r((5*) —t r((3*) and let V : r((5) X r(H) —7, r(iJ) be a linear Q-connectlon 
on a vector bundles. For each q G r((3), V, and A, define a derivation <}, of 
r(Hom(i3, Q*)): for G r(Hom(i3, Q*)) and b G r(H), we have 

(32) (0,d>)(6) = A,($(&))-$(V,5). 

The map 0 : T{Q) x r(Hom(i3, Q*)) —>■ r(Hom(H, Q*)) satisfied 

0/,d> = /0,$ + $*(5)-PQd/ 

and 0g(^ • Pcjdf) = V*^ ■ p*Qdf + ^ ■ p*Qd {£for all 5 G r(Q), / G C°°{M) 
and ^ G T{B*). If the dull bracket |-, 'Ia dual to A is skew-symmetric, then the 
complex 0((3, Hom(i3, Q*)) has an Induced operator do: Hom(H, Q*)) —>• 

r2‘^+^((5, Hom(H, Q*)) given by the Koszul formula 

dor?(5i, • ■ ■, Qk+i) = ^(-l)*+'’w(|5*, 5*1 a, ..., 5i, • ■ ■, 5i, • ■ ■, 5fc+i) 

i<j 

+ (w(5i, • 5fc+i)) 

i 

for all T] G H'=((5,Hom(i?, Q*)) and 51 ,..., 5fc+i G r((5). 


5.2. Dorfman 2-representations and split Lie 2-algebroids. We now define 
the Dorfman 2-representations and show that they are the dual derivations to split 
Lie 2-algebrolds. 

Recall from (4.1.1 the definition of a graded derivation on an [n]-manifold. A 
homological vector field y on A4 is a derivation of degree 1 of C°°{A4) such that 

= \ [Qi Q\ vanishes. A homological vector field on a [l]-manifold M. = A[—1] is 
the Cartan differential d^ associated to a Lie algebroid structure on E. This result 
is due to Vaintrob [5B] and was explained in our introduction. A Lie n-algebroid 
is an [n]-manifold endowed with a homological vector field (an NQ-manifold of 
degree n). 

A split Lie n-algebroid is a split [n]-manifold endowed with a homological 
vector field. Split Lie n-algebroids were studied by Sheng and Zhu [3S] and described 
as vector bundles endowed with a bracket that satisfies the Jacobi identity up to 
some correction terms, see also [3]. Let us first give in our own words their definition 
of a split Lie 2-algebroid. 


®Note that the notation slightly changes here. Q is paired with its dual Q* and B is just a 
vector bundle over the same base. 

®One could define this as a Dorfman connection over a vector bundle valued pairing: here the 
pairing Q Xm Hom(B, Q*) —> B* would be defined by {g, <&) i-> <!>*((;). 
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Definition 5.7. A split Lie 2-algebroid Q (B B* ^ M is a pair of an anchored 
vector (Q —> M,pq) and a vector bundle B —>■ M, together with 

(1) a vector bundle map h: B* ^ Q, 

(2) a skew-symmetric dull bracket |-, •]: r((5) x r((5) —r((5), 

(3) a linear connection V: r((5) x r(i3) —>■ r(i3) and 

(4) a vector valued 3-form l^ G B*), 

such that 

(i) = 0 for all /3i,/32 S r(i3*), 

(ii) [q, h{P)j = h{W;/3) for q G r(Q) and (3 G r(i3*), 

(iii) Jac|.^.| = -h o ^3 G Q), 

(iv) R^* lqi,q 2 )l 3 = l 3 {qi,q 2 ,li{ft)) for q GT{Q) and ffi, ^2 GV{B*), and 

(v) dv^3 = 0- 

From (iii) follows the identity pqoli =0. To get the definition that was first given 
in [55], consider the skew symmetric bracket I 2 ■ T{Q(BB*) xT{Q(BB*) —>■ T{Q(BB*), 

(33) kiiquPi), (<72,/32)) = ([<7i,<72l, V;^/32 - V^/Si) 

for qi,q 2 G r((5) and / 3 i ,/32 G r(i?*). Note that this bracket satisfies a Leibniz 
identity with anchor pg o prg : Q (B B* -G TM and that the Jacobiator of this 
bracket is then given by 

Jacij((gi, ^ 1 ), ( 92 , /32), (ga, P 3 )) = (-^1 (^ 3 ( 51 ,92, 93 )), ^ 3 ( 91 ,92, ^i(/33)) + c.p. 
Since dv^a = 0, one could say that a split Lie 2-algebroid is a Lie algebroid “up 
to homotopy”. Conversely, all the geometric objects in the previous definition can 
easily be constructed from the original definition of split Lie 2-algebroids. 

As we have seen above, fiat Dorfman connections with skew-symmetric dual dull 
brackets are in duality with Lie algebroids (or equivalently “split Lie 1-algebroids”). 
As we will see below, we define in fact Dorfman 2-representations as the Lie 
derivatives that are dual to split Lie 2-algebroids. The notion of Dorfman 2- 
representation defined below resembles the notion of 2-representation. The meaning 
of this analogy will become clearer in our study of VB-Courant algebroids. 

Definition 5.8. Let (Q —>■ M,pq) be an anchored vector bundle. A {Q,Pq)- 
Dorfman 2-representation is a quadruple (dB,A,V,i?) where Ob'- Q* ^ B is a 
vector bundle morphism, A is a Dorfman connection 

A:T{Q)xriQ*)^r{Q*), 

V is a linear connection 

V: r(Q) X r(i?) ^ r(B), 

and R is an element of Df{Q,}lom.{B,Q*)) such that 
(Dl) dso Aq = VqO Ob, 

(D2) |9i,921a =-[92,9i1a, 

(D3) 

(D4) Ob o R{qi,q 2 ) = Rv{qi,q 2 ) and R{qi,q 2 ) o Bb = RA{qi,q 2 ), 

(D5) i?(9i,92)*93 =-■R(9 i,93)*92 and 
(D6) d<>i?(gi,92,93) = V* (i?(9i, 92)*93) 
for all ^ 1,^2 G r(i?*) and 9 , 91 , 92,93 € r((5) and f G C°°{M). 

^®The names that we choose for the vector bundles will become natural in a moment. 
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Note that (D5) is equivalent to R defining an element of VL^{Q,B*) by 
92 , 93 ) = -R(9i, 92 )* 93 - Axiom (D6) is equivalent to dv*Wfl; = 0 and (D4) is 
equivalent to (Av(9i, 92 ))*,? = -Av(9i,92)C = ^R{qi,q2,d%0 for qi,q 2 S r((5) 
and ^ e r(i?*) and Jac|. = dgUjR. 

One can see quite easily that the definition of a Dorfman 2-representations is 
just a rephrasing of the definition of a Lie 2-algebroid. Set loh = and d*^ = —li. 
Then (Dl) is (ii) in Definition 5.7 and the other axioms have already been explained 
above. Note that the vector bundle Q ® B* is anchored by pQ and paired with 
Q* ® B hy the natural pairing and the map C°°{M) —J, r((3* 0 B), f >->• (/Ogd/, 0). 
Hence we can define a new Dorfman connection 


by 


: r(Q 0 B*) X T{Q* ® B) ^ T{Q* 0 B) 


^(9./3)(d 6) = (A,r,V,6), 


then A^ is the Dorfman connection that is dual to the bracket I 2 defined in (331. 
Hence, we can think of Dorfman 2-representations as “Lie 2-derivatives”, or “Lie 
derivatives up to homotopy”. In other words, as the duals of Lie algebroids are Dorf¬ 
man representations, the duals of Lie 2-algebroids are Dorfman 2-representations. 


5.3. Split Lie-2-algebroids as split [2]Q-manifolds. Before we go on with the 
study of examples, we briefly describe how to construct from the objects in Definitions 


5.7 and 5.8 the corresponding homological vector fields on split [2]-manifolds. 

Consider a split [2]-manifold At = Q[—1] 0 B*[—2]. On an open chart U C M 
trivialising both Q and H, we have coordinates (a;i,... ,Xp) and we can choose a 
local frame (gi,..., g^i) of sections of Q, and a local frame (/3i,..., /tj-s) of sections 
of B*. We denote by (ti, ...,and {bi,... ,br^) the dual frames for Q* and B, 
respectively. As functions on At, the coordinates functions xi,... ,Xp have degree 
0, the functions ri,..., have degree 1 and the functions 61 ,..., 6 r -2 have degree 
2. The vector fields . ■. ,dx^,dri,.. ■ ,dr^^,dbi,... ,db^^ have degree 0,-1,-2, 
respectively, and generate (locally) the set of vector fields on At as a C^-module. 
Assume that Q is endowed with an anchor pq and take a Dorfman 2-representation 
{Ob : Q* ^ B, a, V, R) oi Q on B (BQ*. Define a vector field Q of degree 1 on At 
by the following formula in local coordinates: 


(34) 


PQiq^)i^3)Bdx, - 51 qjlA,Tk)nTjdr^ 

i,j i<j k 

+ J2(d*BPr,Tk)brdr,- H Wfl(9*, qj,qk){bi)TiTjTkdbi 

r,k i<j<k I 

ijl 


This vector field satisfies [Q, Q] = 0. To see this, we compute Q o Q in local 
coordinates. 

For / S C°°{M) we have Q{f) = Pgd/ and a relatively easy computation 
shows that Q{Q{f)) = 0 for all / G C°°{M) if and only if pg o = 0 and 
PqI9i,921a = [PQ{qi), PQ{q 2 )] for all qi,q 2 G r(Q). 

A longer, but straightforward computation shows that = 0 for fc = 

1,... ,ri ifandonly if Vg,(9BTfe) = dsi^giTk) for alH = 1,... ,nand ||9 j, 9Ja, 9ilA+ 
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kj, [ 9 », 9 ; 1 a 1 a - lq^ 

1,... ,n. 


[gi,®lAlA = ^%R{q^,qk*ql = dgUJR{q^,qj,qi) for all i,j,l = 


Finally, a very long but also straightforward computation shows that Q'^(hk) = 
0 for k = if and only if + Va*/3,/3r = 0 for j,r = 

dB{R{qi,qj)bk) = Rv{qz,qj)bi for i,j = l,...,n and k = and dv*Wi^ = 0. 

Conversely, write locally the homological vector field in coordinates and define 
PQ, lur and |-, -Ja on basis sections gi,..., of Q, d% on basis sections of B* and 
V* on basis sections of B* and Q. The global objects can then be defined locally 
using Leibniz identities and tensoriality of these objects. These local definitions will 
then be compatible with changes of trivialisations and define globally the structure 
components of a split Lie 2-algebroid. 

Hence, we have found an explicit way of writing the homological vector field 
that is equivalent to a split Lie 2-algebroid. Note that by definition, a [2]-manifolds 
is always locally split. Hence, a Lie 2-algebroid always defines local Dorfman 2- 
representation, and the homological vector field can always be locally written as 


in (34). Going from an open set to an other will involve a change of local basis 


and a change of splitting, but we will show later that changes of splittings of Lie 
2-algebroids are easy to describe 


5.4. Examples of Dorfman 2-representations and split Lie 2-algebroids. 

We describe here five classes of examples of split Lie 2-algebroids. Later we will 
discuss their geometric meanings. We do not verify in detail the axioms for Dorfman 
2-representations of for split Lie 2-algebroids. The computations in order to do 
this for Examples |5.4.2[ |5.4.3| and |5.5| are long, but straightforward. Note that, 
alternatively, the next section will provide a geometric proof of the fact that the 
following objects are Dorfman 2-representations (and split Lie 2-algebroids), since 
we will find them to be equivalent to special classes of VB-Courant algebroids. 


5.4.1. Dorfman 2-representation associated to a Lie algebroid representation. Let 
{Q M, p, [■ , •]) be a Lie algebroid and V: r(Q) x r(i3) —>• T{B) a representation 
of Q on a vector bundle B. Then {Db = 0: Q* ^ B, , V, i? = 0) is a Dorfman 
2-representation. 

The corresponding Lie 2-algebroid is a semi-direct extension of the Lie algebroid 
Q (and a special case of the double Lie 2-algebroids defined later). Here h = 0 and 
I2 is given by hiqi + Pi,q2 + P2) = [91,92] + (V *^/32 “ for 9 i ,92 G r(Q) and 

Pi, [32 G T{B*), and I 3 = 0. Hence {Q (B B* —>■ M, p = pq o prg, Z 2 ) is simply a Lie 
algebroid. 


5.4.2. Standard Dorfman 2-representations. Let E —>■ M be a vector bundle, set 
Be = pr^;: E (BT*M —>■ E and consider a skew-symmetric dull bracket |-, •] on 
T{TM (B E*), with TM (B E* anchored by pr-^^^ and let A: T(TM (BE*) x r(i50 
T*M) — 7 , r{E 0 T*M) be the dual Dorfman connection. This defines as follows a 
split Lie 2-algebroid structure on the vector bundles (TM 0 E* ,pvrpM) and E*, or 
a Dorfman 2-representation of (TM (B E*,pyem) on E(BT*M and E*. 

Let V: T(TM 0 E*) x r(£') —)■ r(T) be the ordinary linear connectioif^ defined 
by V = pr^ oA o le, where A is dual to |- ,•]. The vector bundle map li = 
— piE- R* RbM 0 E* is just the opposite of the canonical inclusion. Finally 


see that V = pr^ oAo i,e is an ordinary connection, recall that since TM ©E* is anchored 
by pryji,j, the map d: C°°(M) T{E ®T*M) sends / -5> (0,d/). 
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define I 3 by 4 ^ 2 , l’s) = Jac|. ^.| (wi, z; 2 , ^^ 3 ) and accordingly R = Ra o le & 

n'^(TM(BE*,llom{E,E(BT*M)). (Note that since TM0 £1* is anchored by 
the tangent part of the dull bracket must just be the Lie bracket of vector fields. 
The Jacobiator Jac|. _.| can hence really be seen as an element of n^{TM(BE*, E*).) 

A straightforward verification of the axioms shows that {Oe, A, V, i?) is a (TM0 
£1*, pr-p^)-Dorfman 2-representation, or equivalently, that h, |-, •], V*, I 3 define a 
split Lie 2-algebroid. For reasons that will become clearer later, we call standard 
this type of split Lie 2-algebroid and Dorfman 2-representation. 


5.4.3. Adjoint Dorfman 2-representations. Let E —>■ M be a Courant algebroid with 
anchor p£ and bracket |- , •] and choose a metric linear connection V : X(M) x r(E) — >■ 
r(E), i.e. a linear connection that preserves the pairing. Set i9tm = Pe'- E —>■ TM, 
identifying E with its dual via the pairing. The map A: r(E) x r(E) — >■ r(E), 

Aec' = |e,e'] 0 Vp(e/)e 

is a Dorfman connection, which we call the basic Dorfman connection associated 
to V. The dual skew-symmetric (!) dull bracket is given by |e, e'lA = [e,e'l- 
/ 3 "V*(V.e,e') for all e,e' G r(E). The map r(E) x X(M) ^ X(M), 

V^^A = [p(e),A]0p(Vxe) 


is a linear connection, the basic connection associated to V. 

We now define the basic curvature R^^ G n^(E,Hom(TM, E)) b 3 p| 

^A''*(ei, 62)-^ = — Vjflei, e2]A + |Vxei, e2]A + |ei, Vxe2lA 

+ VvbjBxCi ~ Vvbaaxe2 — /3 ^P*{Rv{,X, •)ei, 62) 


for all 61,62 G r(E) and X G X(M). Then (p. A, V*’®'®, is a Dorfman 2- 
representation. Note the similarity of this construction with the one of the adjoint 
representation up to homotopy in Example |2.9| 

The corresponding adjoint split Lie 2-algebroid can be described as follows. The 
map h is —I 3 ~^ o p| : T*M —>• E and hiei 0 6*1,62 0 ^2) is 

([61,62] — /3 ^Pe(V.6i, 62)) 0 {£p(ei )02 — £p{e2)^l + ^.62) — (p*02, V.61)) 


for 61,62 G r(E) and 61,62 G D^(M). The form I 3 G D^(E,T*M) is given by 
^ 3 ( 61 , 62 , 63 ) = (i?^*^**( 61 , 62 ), 63 ) and corresponds to the tensor dt defined in [THl 
Definition 4.1.2] (the left-hand side of (63)). We will see later that the adjoint split 
Lie 2-algebroids are exactly the split symplectic Lie 2-algebroids, and correspond 
hence to splittings of the tangent doubles of Courant algebroids. They are usually 
considered as the super-geometric objects corresponding to Courant algebroids, but 
we will explain this correspondence in more detail later. 


^^Alternatively, can be defined by , 62)0 = —Vx[ei,e2l 0 [Vxei,e2] 0 

[ei,Vxe2l-l-VybaE,2fei - Vybaaj,fe2-/3“^{V,^baa2i:®i>®2>. Using= Rv* = Rv (where we 
identify E with its dual using (■, •}), the identity 62) = —R}jf^{e2, ei) is obvious using the 

first definition. It is an easy computation using the second one. 
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5.4.4. Dorfman 2-representation defined by a 2-representation. Let {Ob ■ C —>■ 
V, V,i?) be a representation up to homotopy of a Lie algebroid A on B (B C. 
Then the quadruple (Ob o pr^': C © A* —>• i?, A, V, R) defined by 

A: LM © C*) X LfC © A*) LiC © A*) 

(35) 

A(a.7)(c, a) = (VaC, £aOi + (V* 7 , c)), 

(36) V:T{A®C*)xT{B)^T{B), 

with A(BC* anchored by pA o pr^, and R G uj‘^{A © C*, Hom(i3, C © A*)), 

(37) 77 ((ai, 7 i), ( 02 , 72 )) = (i?(ai, 02 ), ( 72 , i?(ai, •)) + ( 71 , i?(-, 02 ))) 
is a Dorfman 2-representation. 

The vector bundle map h is here h = lc* ° dg, where lc* '■ C* ^ A (B C* is the 
canonical inclusion, and the bracket I2 is given by 

h{{ai,Bi) + ( 02 , 72 ) + ^ 2 ) = ([oi, 02 ], V*^72 - V*^ 7 i) + (V*^a 2 - V*^ai) 

for 01,02 G r(A), 71,72 G r(C'*) and ai,Q ;2 G r{B*). The tensor I3 is Hnally given 
by 

(3((ai, 71 ), ( 02 , 72 ), ( 03 , 73 )) = (-R(ai,a2),73) + c.p. 

Note that if we work with the dual A-representation up to homotopy 
{d% : B* —)• C*, V*, V*, —R*), then we get the Lie 2-algebroid defined in [36l Propo¬ 
sition 3.5] as the semi-direct product of a 2- representation and a Lie algebroid. This 
is then also a special case of the bicrossproduct of a matched pair of 2 -representations 
(see the next section). We will explain later the slightly peculiar choice that we 
make here. 

5.5. The bicrossproduct of a matched pair of 2-representations. In this 
section we describe a class of examples, which is of great independent interest: we 
show that the bicrossproduct of a matched pair of 2-representations is a split Lie 
2 -algebroid. 

We construct a split Lie 2-algebroid (A © B) © C induced by a matched pair of 
2-representations as in Definition |2.10| The vector bundle A © B —>■ M is anchored 
by PA o PLa +Pb ° pi's paired with A* © B* as follows: 

{{a,b),{a,l3)) = a{a) - (3{b) 

for all a G r(A), b G £{B), a G r(A*) and (3 G r(i?*). The morphism A*©i?* —)■ C* 
is d\ o pr^, +5^ o pr^,. The A © i?-Dorfman connection on A* © B* is defined by 

A(a.f,)(a, /3) = (Via + £aa - (V. 6 , /?), V:/3 + £„/? - (V.a, o)). 

The dual dull bracket on r(A © B) is 

(38) [(a, b), (o', 6')1 = ([a, a'] + V^a' - [b, b'] + Vab' - Va'b). 

The A © S-connection on C* is simply given by ^^7 = V *7 + V ^7 and the dual 
connection is V: r(A (B B) x r(C) —>■ r((7), 

(39) V(a,b)C = VaC+VfeC. 

Finally, the form = I3 G n^(A © B, C) is given by 

w_R((ai, &i), (02, b2), (03,63)) = i?(ai, 02)^3 + i?(a2,03)61 + i?(a3, 01)62 

— R{bi, 62)03 — 77 ( 62 , 63)01 — 77 ( 63 , 61 ) 02 . 


( 40 ) 
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The quadruple {d\ + dg-. A* ® B* —>• C*, V, A, R) is a Dorfman 2-representation. 
Equivalently the vector bundle (A 0 S) 0 C —)■ M with the anchor o pr^ +Pb ° 
pr^ : A (B B ^ C, h = Ob o Wb ~9a ° PLa; h = and the skew-symmetric dull 
bracket (38) define a split Lie 2-algebroid. 

Moreover, we prove the following theorem: 

Theorem 5.9. The double of a matched pair of 2-representations is a split Lie 
2-algebroid with the structure given above. Conversely if {A® B) (B C has a split 
Lie 2-algebroid structure such that 

( 1 ) |(ai, 0 ), ( 02 , 0 )] = ([oi, 02 ], 0 ) with a section [ai, 02 ] G r(24) for all ai, 02 € 
r(A) and in the same manner |(0,5i), ( 0 , & 2)1 = ( 0 , [^ 1 , 62 ]) with a section 
[ 61 , 62 ] £ r(i?) for all 61,62 £ L'{B), and 

(2) l 3 ((ai, 0 ), ( 02 , 0 ), ( 03 , 0 )) = 0 and IsdO, 61 ), ( 0 , 62 ), ( 0 , 63 )) = 0 for all ai, 02,03 
inT{A) and 61 , 62,63 inT(B), 

then A and B are Lie subalgebroids of {A(B B) (B C and {A(B B) (B C is the double 
of a matched pair of 2-representations of A on B (B C and of B on A® C. The 
2-representation of A is given by 

dB{c) =bvb{Ii{c)), Va 6 = prB|(a, 0 ),( 0 , 6 )], VaC = V(a,o)C, 
RAB{ai,a 2 )b = ^ 3 ( 01 , 02 , 6 ) 
and the B-representation is given by 

dA{c) = -WAih{c)), Vfaa = pr^|(0,6), (a,0)], V^c = V(o, 6 )C, 


(41) 


(42) 


i?BA (61,62)0 = -h{biM,a). 


Proof. Assume first that (A 0 B) 0 C is a split Lie 2-algebroid with (1) and (2). 
The bracket [•,•]: r(A) x r(A) —)• r(A) defined by |(ai, 0), ( 02 ,0)] = ([ai,a 2 ], 0 ) is 
obviously skew-symmetric and K-bilinear. Define an anchor p^ on A by pa{o) = 
PAeB(ajO). Then we get immediately 

([ai,/a 2 ], 0 ) = |(ai, 0 ),/(a 2 , 0 )] = /([ai, 02 ], 0) 0 pAeB(ai, 0 )(/)(a 2 , 0), 

which shows that [ai,/a 2 ] = /[ai,a 2 ] 0 PA(ai)(/)a 2 for all 01,02 £ r(A). Fur¬ 
ther, we find Jac[. ,.](oi, 02 , 03 ) = pr^(JaC|. ^.|((oi, 0), (o 2 , 0 ), ( 03 , 0))) = -(pr^ oh o 
^ 3 )((ai, 0), ( 02 ,0), ( 03 , 0))) = 0 since I 3 vanishes on sections of A. Hence A is a 
wide subalgebroid of the split Lie 2-algebroid. In a similar manner, we find a Lie 
algebroid structure on B. Next we prove that (41) defines a 2-representation of A. 
Using (ii) in Definition |5 . 7| we find for a £ r(A) and c £ r(C') that 

dBi'^ac) = (prs oli)(V(a,o)c) = pib|(o,0),;i(c)] 

= Pri3[(a,0),(0,pri3(^i(c)))l = Va(aBc). 

In the third equation we have used Condition (I) and in the last equation the 
definitions of Bb and Vq : r{B) -A T{B). In the following, we will write for 
simplicity a for (o,0) £ r(A 0 B), etc. We get easily 


i?AS( 01 , 02 ) 9^0 = /3(oi,02,prB(li(c))) = l3{ai,a2,liic)) *■= i?v(ai,02)c 


and 


(iii) 


9 Bd?AB(ai, 02)6 = (pr^oZi o/3)(oi, 02,6) = - prB(JaC|. _.| (oi, 02, 6)) 
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for all 01,02 G r(A), b € T{B) and c G r(C). By Condition (1) and the definition 
of V^: T{B) -gT{B), we find 

Rv{ai,a2)b = pr^loi, |o2,611 - prB|o2|ai, 6|] - pr^Hoi, 02 I, 61 
= -prB(JaC|. ,.1(01,02,6)). 

Hence, dBRAB{<ii,o,2)b = R^{ai, 02)6. Finally, an easy computation along the same 
lines shows that 


(43) ((dvHomiiAB)(ai, 02,03), 6) = (dvZ3)(ai, 02, 03, 6) 

for 01,02,03 G r(H) and 6 € r(H). Since dv^3 = 0, we find dvHomi?^^ = 0. In 
a similar manner, we prove that ( |42[ ) defines a 2-representation of B. Further, by 
construction of the 2-representations, the split Lie 2-algebroid structure on (H0H)0 
C) must be defined as in (381, (39) and (40), with the anchor pA o pr,4 +pb ° P^b 
and h = dso pr^ —Oa o pr^- Hence, to conclude the proof, it only remains to check 
that the split Lie 2-algebroid conditions for these objects are equivalent to the seven 
conditions in Definition |2.10| for the two 2-representations. 

First, we find immediately that (Ml) is equivalent to (i). Then we find by 
construction 


[a, Sac] 0 = -[a, pia(;i(c))] 0 "^prsihic^a = prApi(c),a] = - pr^|a, Zi(c)|. 

Hence, we find (M 2 ) if and only if pr^|a, Zi(c)] = pr^o;i(Voc). But since 
|o,;ic] = (pr,4|a,Zi(c)], Vaprs h{c)) = (pr,4|a, Zi(c)], Va 5 B(c)) 

= (pi'A[a:^i(c)l, 9 BVac) = (pr^|a,Zi(c)],prB(Zi(Vac))), 

we have prA|a, ^i(c)] = pr^ o^i(Vac) if and only if |a, Zic] = /i(Vac). Hence (M 2 ) is 
satisfied if and only if |a, Zic] = /i(Vac) for all a G r(H) and c € r(C). In a similar 
manner, we find that (M 3 ) is equivalent to |6,/ic] = /i(Vf,c) for all 6 G r(B) and 
c G r(C'). This shows that (M 2 ) and (M 3 ) together are equivalent to (ii). 

Next, a simple computation shows that (M 4 ) is equivalent to i?v(6, a)c = 
^3(6, a, Since Rv(a, a')c = RAB(a, a')dBC = h{a, a', prg{li{c))) = ^3(0, a', li{c)) 

and Ry{b,b')c = ^3(6,6',^i(c)), we get that (M 4 ) is equivalent to (iv). 

Two straightwforward computations show that (M 5 ) is equivalent to 

Pi'A(JaC|.,.1(01,02,6)) = -prA(^i^ 3 (oi,a 2 , 6 )) 

and that (M6) is equivalent to 

pi's (Jac|. ,.1(61,62,0)) = -prA(^i^3(6i,62,o)). 

But since pr^(JaC|. ,.| (01,02,6)) = —i?v(oi, 02)6 by construction and i?v(oi, 02)6 = 
9 bI?ab(oi, 02)6 = prs(;i/3(ai,02,6)), we find 

Pi'B(JaC|.,.](oi,02,6)) = -prB(/i;3(oi,02,6)), 

and in a similar manner 


pr,4(JaC|. ,.1(61,62,0)) = -pr^(ZiZ3(6i,62,a)). 

Since JaC|. ,.i (oi, 02, 03) = 0, Jac|. ,.i (61, 62,63) = 0, and I3 vanishes on sections of 
A, and respectively on sections of B, we conclude that (M5) and (M6) together are 
equivalent to (hi). 

Finally, a slightly longer, but still straightforward computation shows that 

(dvAi?BA)(oi, 02)(6 i, 62) — (dvsi?AB)(6l, 62 )(oi, O2) = (dv?3)(oi, O2, 61,62) 
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for all 01,02 G r(^) and 61,62 G r(^)- This, ( 43 ) and a similar identity for Rba, 
and the vanishing of I3 on sections of A, and respectively on sections of B, show 
that (M 7 ) is equivalent to (v). □ 


If C = 0, then Rab = 0 and Rba = 0 and the matched pair of 2-representations 
is just a matched pair of Lie algebroids. The double is then concentrated in degree 
0 , with ^3 = 0 and I2 is the bicrossproduct Lie algebroid structure on A(B B with 
anchor pA + Pb [Ullin]- Hence, in that case the split Lie 2 -algebroid is just the 
bicrossproduct of a matched pair of representations and the dual (flat) Dorfman 
connection is the corresponding Lie derivative. The Lie 2 -algebroid is in that case a 
genuine Lie 1 -algebroid. 

It would be interesting to define the notion of matched pair of higher representa¬ 
tions up to homotopy, and show that the induced doubles are split Lie n-algebroids. 
This will be studied in a subsequent project. 

In the case where H is a trivial Lie algebroid and acts trivially up to homotopy 
on = 0 : C —)■ A, the double is the semi-direct product Lie 2 -algebroid found in 
[551 Proposition 3 . 5 ] (see our preceding example). 


5 . 6 . Morphisms of (split) Lie 2-algebroids. In this section we quickly discuss 
morphisms of split Lie 2 -algebroids. 

Definition 5.10. A morphism p: {A4i, Qi) —?► (AI 2 ) Q 2 ) of Lie 2-algebroids is a 
morphism p: Mi -A M 2 of the underlying [2]-manifolds, such that 

( 44 ) p*oQ2 = Qiop*:C°°{M2)^C°°iMi). 


Assume that the two [ 2 ]-manifolds A 4 i and A42 are split [ 2 ]-manifold Mi = 
Qi[— 1 ] © B\[— 2 ] and M2 = Q2[— 1 ] © 2 ]. Then the homological vector 

fields Qi and Q2 can be written in coordinates as in ( 34 ), with two Dorfman 
2 -representations; ( 5 i: Q\ -A Hi, A^, V^, i?i) of (Qi -A Qi -A TMi) and 

{82 : Q2 ^ B2, A^, V^, R2) of {Q2 -A M2, P2'- Q2 TM2). 

Since Mi and M2 are split, the morphism p* ■. ( 7 °°(At2) —t C°°{Mi) over 
Pq : C°°{M2) -a C°°{Mi) decomposes as well as pq: Qi ^ Q2, pb'B^^ B2 and 
hi2 G Ll'^{Qi, PQB2) as in ( jl^ and (W|. 

A study of ( 44 ) in coordinates, which we leave to the reader, shows that ( 44 ) is 
equivalent to 

( 1 ) PQ-. Qi ^ Q2 over pn : Mi -A M2 is compatible with the anchors pi: Qi — >■ 
TMi and p2 ■ Q2 -A TM2: 

Tmho{Pl{qm)) = P2ihQ{qm)) 


for all qm & Qi, 

(2) i9i o^Q = pgod2 as maps from T{Q2) to r(Hi), or in other words pqodl = 
82 o Pb- 

( 3 ) pQ preserves the dull brackets up to 82Pi2- i-S- if q^ and r^, 

then 

{q^,r'^h - 82 Pi 2 {q^,r^)- 

( 4 ) Pb and pg intertwines the connections and up to 81 o pi2-. 

P%{{PQ^%h) = V\{p*B{b)) - 81 o {pi2{q, 0 , 6 ) G r(Hi) 

for all qm G Qi and 6 G r(H^), and 

( 5 ) PqUJr^ - pboujr^ = -d(^^v2)Aii2 G V?{Qi,plBl). 
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In the equalities above we have used the following constructions. Recall that 
/ri2 is an element of and ujn. G fl^(Qi,B*) for i = 1 , 2 . The tensors 

fJ.QUjR2 G fiQB^) and o ujr^ € can be defined as follows: 

{^J■Q^R2) (91 (w), q2(m), q3 (to)) = ujr^ (hq {qi (to)), hq (92 (m)), ^iq (93(to))) 

in B2{^Q{m)), and 

o ujRj{qi{m),q2{m),q3{m)) = /rB(a;flJ(gi( to), 92)^), 93(771))) G B^inoim)) 
for all 9 i, 92 j '73 G r(( 5 i). The linear connection 

r(Qi) X T{t,*B*) -G r{fi*B*2) 

is defined by 

(MqV 2 ),(/ 7 ’/ 3 )(to) = G BMm)) 

for all q G r(( 5 i) and /? G r(i?2)- 

Definition 5.11. ITe call a triple (/rg,/is,/ii 2 ) over satisfying the five conditions 
above a morphism of split Lie 2-algebroids. 

In particular, if Ali = 7VI2, po — Wm : M —)■ M, pg = Idg: Q ^ Q and 
Pb = Ids* : B* ^ B*, then pi2 G r(Q* A Q* 0 B*) is just a change of splitting The 
five conditions above simplify to 

( 1 ) The dull brackets are related by I9, 9']2 = [9,9I1 + dBhi2{q,q')- 

( 2 ) The connections are related by = Vj — cIb o ^12(9)- 

( 3 ) The curvature terms are related by ujr2 — 01771 = —dv2*/ii2, where the 
Cartan differential dv2* is defined with the dull bracket |-, -Ji on r(( 5 ). 


6. VB-Courant algebroids and Lie 2-algebroids 

In this section we describe and prove in detail the equivalence between VB- 
Courant algebroids and Lie 2 -algebroids. In short, a homological vector field on a 
[ 2 ]-manifold defines an anchor and a Courant bracket on the corresponding metric 
double vector bundle. This Courant bracket and this anchor are automatically 
compatible with the metric and define so a linear Courant algebroid structure on 
the double vector bundle. Be aware that a correspondence of Lie 2 -algebroids and 
VB-Courant algebroids has already been discussed by Li-Bland [ 18 ]. Our goal is to 
make this result more constructive, to deduce it from the two preceding sections, 
and to illustrate it with several (partly new) examples. 


6 . 1 . Definition and observations. We will work with the following definition of 
a VB-Courant algebroid, which is basically due to Li-Bland [T8| . 

Definition 6 . 1 . A VB-Courant algebroid is a metric double vector bundle 



with core Q* such that E —>■ R is a Courant algebroid and the following conditions 
are satisfied. 
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( 1 ) The anchor map 0 : E —>■ T_B is linear. That is, 


( 45 ) 



is a morphism of double vector bundles. 

( 2 ) The Courant bracket is linear. That is 

|r^(E),r^(E)] c r^(E), |r'B(E),r^(E)] c r^(E), 

[r^(E),r^(E)i = o. 


We make the following observations. Let pg: Q —>■ TM be the side map of the 
anchor, i.e. if 7 rg(x) = g for x G E, then TpsiOix)) = Pq{q)- Let 9 b : Q* —>■ i? be 
the core map defined as follows by the anchor 0: 

(46) 0(at) = {deay 


for all a G r(Q*) (ds is sometimes called the “core-anchor”). Then the operator 
V = e*d: -G rB(E) satisfies I?(g|j/) = (pgd/y for all / e C°°(M) and 

( 29 ) yields immediately 

Ob o Pq = 0 , which is equivalent to pg o 9 b = 0 . 


( 47 ) 


Recall finally that if x € r^(E) is linear over q G T{Q), then = 9 b( 9 >''’) 

all r G r((5*) and p(x) is linear over pg(g). 


6 . 2 . The fat Courant algebroid. Recall from ([^ that there exists a vector bundle 
E —)■ M, which sheaf of sections is the sheaf of C'°°(M)-modules r^(E), the linear 
sections of E over B. Gracia-Saz and Mehta show in [T^] that if E is endowed with a 
linear Lie algebroid structure over B, then E —>■ M inherits a Lie algebroid structure, 
which is called the “fat Lie algebroid”. For completeness, we describe here quickly 
the counterpart of this in the case of a linear Courant algebroid structure on E —>■ B. 

Note that the restriction of the pairing on E to linear sections of E defines a 
nondegenerate pairing on E with values in B* . Since the Courant bracket of linear 
sections is again linear, we get the following theorem. 

Theorem 6.2. The vector bundle E inherits a Courant algebroid structure with 
pairing in B*. 

We will come back later to this structure. Recall that for (p G r(Hom(i?, Q*)), 
the core-linear section of E —>■ B is defined by 

~ ^brri B f^iprri)' 

Note that E is also naturally paired with Q*: {x{m),a{m)) = (7rg(x(TO)), cr(m)) for 
all X G r^(E) = r(E) and tr G r((3*). This pairing is degenerate since it restricts 
to 0 on Hom(B, Q*) Xm Q*- The following proposition can easily be proved. 
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Proposition 6.3. (1) The map 

A:r(E)xr(g*)^r(Q*) defined by (A^r)^ = [x,r^l 

is a flat Dorfman connection, where E is endowed with the anchor pQ o ttq 
and paired with Q* as above. 

( 2 ) The map 

V* : r(E) X r{B*) T{B*) defined by ^vj /3 = 0(x)(^/3) 

for all P G T{B*) is a flat connection. 

We dualise the connection V* to a flat connection V : r(E) x r(i?) —)■ r(i?). 


Proposition 6.4. The following hold for A and V; 
( 1 ) ( 9 b o A = V o 3 b and 


( 2 ) 


xA 


= 3 o — A^ o ( 


/or x€r(E) ond/( e r(Hom(i?, g*)). 


Proof. ( 1 ) Choose x € r^(E) and r G r(g*). Then 

(3b o A^r)^ = 0(A;^r1') = 0 (|x,'rl) = [0(x), (3 bt)^] = {\/^{Obt))'^. 

( 2 ) The second equation is easy to check by writing f = Yl 7 =i ’ '^1 with 
Pi G T{B*) and n G T{Q*). 

□ 


Lemma 6.5. For r(Hom(i 3 , g*)) and r G r(g*), we have 


( 1 ) 

( 2 ) 




= = - 


t>, t' 


and 


= ■00 3b O^ — 3° 3b O'!/. 


Remark 6.6. Note that by the second equality, Hom(i?, g*) has the structure of 
a Lie algebra bundle. 

Proof We write p = Pi ■ n and = Y^i Pj ’ with Pi,..., Pn, P[,..., P'^ G 

T{B*) and ti, . .., r„ G r(g*). Hence, we have p = ^7=1 ^h^'’'i ^ ^ 0 'Yp 

First we compute 


2 = 1 




= '^<l*B{dBT,Pi)Tj = [ '^{^BT,P^)n 


and we get ( 1 ). Since {rfp) = 0 , the second equality follows. 
Then we have 




j=i 




i=ij=i 


= ^^{9BTi, Pj) ■ Pi • Tj - {^BTj,P^) ■ Pj ■ T, 
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Thus, we get ( 2 ). 


□ 


6 . 3 . Dorfman 2-representations and Lagrangian decompositions of VB- 
algebroids. In this section, we study in detail the structure of a VB-Courant 
algebroid, using Lagrangian decompositions of the underlying metric double vector 
bundle. Our goal is the following theorem. Note the similarity of this result with 
Theorem | 2 . 6 | in the VB-algebroid case. 

Theorem 6.7. Let (E; Q, B; M) be a VB-Courant algebroid and choose a Lagrangian 
splitting S: Q x m B —>■ E. Then there exists a Dorfman 2 -representation (A, V, R) 
of {Q,Pq) on the core-anchor Ob' Q* ^ B such that 

Qiagiq)) X{B), 

[o-q(9i),0-q( 92)1 = 0-Q(|gi,q2lA) - i?(gi,g2), 
laQiq),T^ = {A,ry 


for all 9,91,92 € r((5) and r G r(Q*), where r((5) x r((5) —>■ r((5) is the 

dull bracket that is dual to A. 

Conversely, a Lagrangian splitting E: Q x B* —>■ E o/ the metric double vector 
bundle E together with a Dorfman 2 -representation define a linear Courant algebroid 


structure on E by ( 48 ). 


First we will construct the objects |-, -Ja, A, V, R as in the theorem, and then we 
will prove in the appendix that they satisfy the axioms of a Dorfman 2 -representation. 


6 . 3 . 1 . Construction of the Dorfman 2 -representation and outline of the proof. The 
objects |-, -Ja, V, A and R are defined as in the theorem. Let us be more precise. 

First recall that, by definition, the Courant bracket of two linear sections of 
E —)• B is again linear. Hence, we can denote by |9i, 92lcr the section of Q such that 

(49) ttq o lag (91), CTQ (92 )1 = |9i, 92I a o 9B • 

Since for each 9 G r(Q), the anchor Q(ag(q)) is a linear vector field on B over 
pg{q) G X{M), there exists a derivation Dq-. T{B*) -G T{B*) over pg{q) such that 
0 (o-q( 9 ))(^/ 3 ) = for all /? e T{B*), and 0 {crg{q)){q*Bf) = q*BiPQi<l)if)) for all 
/ G C°°{M). This defines a linear Q-connection V: r(Q) x r{B) -G V{B): 

^qb^D*qb 

for all b G V{B). Then by definition, 0(crQ(9)) = Vg G X^{B). 

For 9 G r(Q) and r G r(( 5 *), the bracket |tTQ(9),Tl] is a core section. It is easy 
to check that the map A: F(( 5 ) x r(( 5 *) —>■ r((5*) defined by 

|o-Q(9),'r1'] = (A,r)^ 

is a Dorfman connectionP^ 

The difference of the two linear sections |crQ(9i), crQ(92)] — crQ(|9i, 92|cr) is again 
a linear section, which projects to 0 under ttq. Hence, there exists a vector bundle 

morphism R{qi,q2): B -)■ Q* such that crQ(|9i, 92]cr) - |crQ(9i), crQ(92)] = R{qi,q2). 
This dehnes a map i?: F(( 5 ) x r(Q) -G r(Hom(i?,Q*)). We show in the appendix 
that ( 9 b, V, A,i?) is a Dorfman 2 -representation, and that [• , -Ia = [• , -ja- 


Note that Condition (C3) then implies that ['r^,iTQ(g)] = 




qT + p^d{T, q)y 
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Conversely, choose a Lagrangian splitting S: Q Xm B oi a. metric double vector 
bundle (E, Q; B, M) with core Q* and let S C rB(E) be the subset {r'l’ | r S r(Q*)}U 
I 9 G r(( 5 )} ^ r(E). Choose a Dorfman 2-representation {Ob'- Q* 
B ,\7 , A, R) of {Q,pq). Define then a vector bundle map 0: E —)• TB over the 
identity on B by Q{aQ{q)) = Vq and 0 (t 1 ) = (Sbt)! and a bracket |-, •] on 5 by 

l<JQ{qi),aQ{q2)j = crgdqi, ( 72 IA) - R{qi,q2), [CTQ(g), r'''] = {AqT)\ 
Irdcrgd)! = {-AqT + p*Qd{T,q))\ =0. 


We show in the appendix that this bracket, the pairing and the anchor satisfy 
the conditions of Lemma 5 . 2 , and so that (E, with this structure is a 

VB-Courant algebroid. 


6 . 3 . 2 . Change of Lagrangian decomposition. Next we study how the Dorfman 2 - 
representation {ds'. Q* —>■ B,\ 7 ,A,R,A) associated to a Lagrangian decomposition 
of a VB-Courant algebroid changes when one changes the Lagrangian decomposition. 

The proof of the following proposition is straightforward and left to the reader. 
Compare this result with the equations subsequent to Definition | 5 . 1 H that describe 
a change of splittings of split Lie 2 -algebroid. 

Proposition 6.8. Let S^, Q E be two Lagrangian splittings and let 

4>12 G r(( 5 * ® Q* ® B*) he the change of lift. 

( 1 ) The Dorfman connections are related by A^cr = Ajcr -|- <l) 12{q){dBo') 

(2) and the dull brackets consequently by !<?, (7I2 = [9)9li ~ dg (t)i2{q)* {q') ■ 

( 3 ) The connections are related by = Vj + Ob o 4>i2{q)- 

( 4 ) The curvature terms are related by ujpp — = dv2*0i2, where the Cartan 

differential dya* is defined with the dull bracket |-, -li on T(Q). 

As an application, we get the following corollary of Theorem | 6 . 7 | and Theorem 

O 


Corollary 6 . 9 . Let {Q(BB* —?> M, pg, li, I2,13) be a split Lie 2 -algebroid and {Ob = 
—l*,A^\/,R) the dual Dorfman 2 -representation. Then the vector bundle E := Q© 
Hom(i 3 , Q*) is a Courant algebroid with pairing in B* given by {{qi, 4 >i), {q2,4>2)) = 

</>i('?2) + ^^>2(91)) with the anchor p: E —>■ Der(i 3 ), p{q,(f>) = V* -\- (j>* o C over p{q) 
and the bracket given by 

[(<71,</>i),(92,</>2)1 = (I<?1,<721a + lt{(ft{q2)),0qih + V* (</>* ( 92 )) 

+ 4)2 O II O (fi - (fi O II O (j)2 + i?(gi, 92 )) ■ 

The map D: T{B*) —> r(E) sends q to {li{q),'\/*q). The bracket does not depend on 
the choice of splitting. 


6.4. Examples of VB-algebroids and the corresponding Dorfman 2-re- 
presentations. We give here some examples of VB-Courant algebroids, and we 
compute the corresponding classes of Dorfman 2 -representations. We find the 
Dorfman 2 -representations described in Section 5.4 In each of the examples below. 


it is easy to check that the Courant algebroid structure is linear. Hence, it is easy to 
check geometrically that the objects described in | 5 . 4 | are indeed split Lie 2 -algebroids. 
This is why we omitted the detailed computations in that section. 
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6.4.1. The standard Courant algebroid over a veetor bundle. We have discussed this 
example in great detail in [15j , but not in the language of Dorfman 2-representations 
and Lie 2-algebroids. In HU, we worked with general, not necessarily Lagrangian, 
linear splittings. 

Let qe ■ E —>■ M he a vector bundle and consider the VB-Courant algebroid 
TE © T*E - > TM © E* 

TTE 

Y Y 

E - 

9E 

with base E and side TM ©£!*—>■ M, and with core E © T*M —>■ M, or in other 
words the standard (VB-)Courant algebroid over a vector bundle qe' E ^ M. 
Recall that TE (B T*E was found in Example |3.12| to have a linear metric. Recall 
also from this example that linear splittings oi TE (Be T* E are in bijection with 
dull brackets on sections of TM (BE*, and so also with Dorfman connections 
A: T{TM © E*) x T{E © T*M) —>■ r(E © T*M), and that Lagrangian splittings 
oi TE (Be T*E are in bijection with skew-symmetric dull brackets on sections of 
TM © E*. 

The anchor 0 = pr^.^ : TE (BT*E —)• TE restricts to the map Be = pr^ : E © 
T*M —)• E on the cores, and defines an anchor ptm(se* = Wtm ■ TM ©£!*—>• TM 
on the side. In other words, the anchor of (e, 6 ^ is G X‘^{E) and if {X, e) is a 

linear section oiTE ®T*E ^ E over {X, e) G r{TM (B E*), the anchor 0((A, e)) 
is linear over X. 

Let le- E ^ E (B T* M he the canonical inclusion. In m we prove the following 
result (for general linear splittings). 

Theorem 6.10. Choose q,qi,q 2 GV{TM (B E*) and GT{E (BT*M). The 

Courant-Dorfman bracket on sections ofTE © T* E -G E is given by 

(3) |cr(g),Tt] = (A,r)^ __ 

(4) [^(gi), cr(g2)l = CT(|gi, gaU) - RA{qi,q2) o ce- 

The anchor p is described by 

(5) 0(a(g)) =X^G X{E), 

where V: T{TM © E*) x r(£') —)■ r(E) is defined by Vq = pr^ oA^ o le for all 
q G r(rM © E*). 

Hence, if we choose a Lagrangian splitting oiTE (Be T*E, we find the Dorfman 
2-representation of Example |5.4.2[ 


6.4.2. VB-Courant algebroid defined by a VB-Lie algebroid. More generally, let 



with core C, be endowed with a VB-Lie algebroid structure {D —>■ B, A —>■ M). 
Then the pair [D, D f^B) of vector bundles over R is a Lie bialgebroid, with D ^B 
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endowed with the trivial Lie algebroid structure. We get a linear Courant algebroid 
D (Bb {D ^B) over B with side A®C* 


D®b [D ^B) - ^B 

I 

A®C* -^ M 


and core C (B A*. We check that the Courant algebroid structure is linear. Let 
E: AxmB —>■ D be a linear splitting of D. Recall from Lemma [273| that we can define 
a linear splitting of by E*: BxmC* D^B, (E*(6m, 7m), ^( 0 ^, hm)) = 0 and 
= ('ym,c{m)) for all 6^ £ B, am& A, 'fm and c G r(C'). 
The linear splitting S: B Xm (A (B C*) —>■ D (Bb {D ^B), S(fem, (om,7m) ) = 
(E(am, ^m), E-*'(6m, 7m)) Rs in 14 . 4.2 is then a Lagrangian splitting by Lemma 


2.3 


A computation shows that the Courant bracket on Tb{D 0b (D ^B)) is given by 


[o-Aec* (ai, 7 i), o-Aec* (02,72)! 

= {[aA{ai),aA{a2)\,£aA{a^)^C-{l2) - i^^(a0dcr^,(7i)) 

= (crA([ai, 02]) - i?(ai, 02), cr^.(V*^72 - V*^7i) - (72, i?(ai, •)) + (71, ^(02, ■))) 
|CTAec*(a,7),(c,a)'''l = (Vac'l', (£„« + (V*7,c))'l') 

|(ci,ai)'l', ic2,a2)^ = 0, 


and the anchor of I? 0 b {D ^B) is defined by 

0(c^Aec*(a,7)) = 0(o-A(a)) = G X'(B), 0((c,a)'l') 


(5bc)^ G A=(B), 


where {Bb- C ^ B,\I: r(A) x T{B) T{B), V : r(A) x r(C') ^ r(C'), R) is the 2- 
representation of A associated to the splitting E: Axm B ^ D oi the VB-algebroid 
{D —i' B, A —>■ M). Hence, we have found the split Lie 2-algebroid described in 
Example |5.4.4| 


6.4.3. The tangent Courant algebroid. We consider here a Courant algebroid 
(E, pe, [• , '1, (•, •))■ In this example, E will always be anchored by the Courant alge¬ 
broid anchor map p£ and paired with itself by (•, •) and T) = I3~^ o p’^od: C°°{M) -A 
r(E). Note that |-, •] is not a dull bracket. 

We show that, after the choice of a metric co nnecti on on E and so of a Lagrangian 
splitting E^: TM x m E —>■ TE (see Example 3.11 and 12.2.2), the VB-Courant 
algebroid structure on (TE -A TM, E —^ M) is equivalent to the Dorfman 2- 
representation defined by V as in Example |5. 4. 3| 


Theorem 6.11. Choose a linear connection V : X{M) x r(E) —>■ r(E) that preserves 
the pairing on E. The Courant algebroid structure on TE -A TM can be described 
as follows: 

(1) The pairing is given by 

(el,4)=0, (crj(ei),e|^ =p^(ei,e2), and (tT^(ei), crj(e2)) = 0, 

(2) the anchor is given by 

Q{(Je (e)) = Vg®-®- and 0(e^) = (pE(e))^, 
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(3) and the bracket is given by 


pt J 

Cl , Co 


= 0 , 


(ei),e^| = (Ae.ea)^ 


and 


|CT^(ei),cr^(e2)] = cr^([ei,e2lA) - R'A%ei,e2) 
for all e, ei, 62 S r(E). 


Proof. We use the characterisation of the tangent Courant algebroid in [3] (see also 
|18p: the pairing has already been discussed in Example 3.11 and |4.4.1[ It is 
given by {Tei,Te 2 ) = ^d(ei,e 2 > and (Tei,e^) =p*M{ei,e 2 ). The anchor is given by 
Q{Te) = £p^(e) S X(TM) and 0(e'l') = (pE(e))^ G X{TM). The bracket is given by 
|rei,re 2 l = r|ei,e 2 ] and |Tei,e|] = |ei,e 2 l'^ for a ll e, 61,62 G r(E). 

We check (2), i.e. that the 


(1) has already been checked in Example 3.11 


anchor satisfies ©(o’J( 6 )) = Vg®-®. We have for 9 G Q^(M) and Vm G TM: 
0((T^(e)(nm))(£e) = - {Om, Pe{'^ v^e)) = and for / G 

0(cr^ {e)){p*Mf) = P*M{pE{e)f). This proves the equality. 

Then we compute the brackets of our linear and core sections. Choose sections 


(j), (j)' of Hom(TM, E). Then 


Te.ej) 


= £e4>^ with £f^(j) G r(Hom(TM, E)) defined 
by {£e4>){X) = |e, (/)(X)] — (j){[p^{e), X]) for all X G X{M). The equality 4>,Te = 

— £e4> + '£’£{<t>{.),e) follows. Eor 0 G V£{M), we compute (Vie,e^) = 0(e'^)(^6() = 
p\j{p£{e),d). Thus, Vlg = T(/3“^p|0) + if ior a. section ip G r(Hom(TM, E)) to 
be determined. Since {'D£g,Te) = Q{Te){£g) = ££^^^^.^ 9 , the bracket (T(/3“^p|d) + 
ip,Te) = £d(e,p^(e))+{ij,(.),e) must equal ££p^^,^e, and we find ('0(-),e) = ipE(e)d6». 
Because e G r(E) was arbitrary we find ip{X) = —for X G X{M). We 
get in particular 


(p,Te = -£e(p + T{[3 p^{(p{-),e)) - {f3 ppx(i{(p{-),e). 


The formula 


= p' o p£ o (p — (p o o (p' can easily be checked, as well as 


(p,e^ = — e\(p = —((/)(pe( 6 )))P Using this, we find now easily that 


|cr^(ei), ( 7 ^( 62 )] 


= Tci — V.ei, re 2 — V .62 

= T |ei, 62I - £'^62 + T'^61 - r(/3- Vl(V.6i, 62)) 
+ / 3 “VEd(V.ei,e 2 ) + Vp|,(v.ei)62 - Vp^(v,62)61 
= r |6i, 62 ]i^ — £ei V.e2 + £e2X-Cl + (3 ^Pgd(V.6i, 62) 


+ Vp|,(v. 61)62 - Vpj,(v. 62 ) 61 - 
Since for all X G X{M), we have 

- (Tgi V.e2)(A) + (i: 62 V.ei)(X) +/3-V|iAd(V.ei,e2) 

= ~[ei, Va :621 + V[pii( 6 i),x ]62 + [ 62 ,Vx 6 i] — ^[pE(e-i),x]^i + £ ^PEiA:d(V.ei, 62 ) 
= —[ei, VX 62 I + V[p|,(ei),X ]62 — |Vx 6 l, 62 ] — V[pj,( 62 ),X] 6 i + /3“ Tx (V. Ci, 62 ) , 
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we find that |crE (ei),cr^(e 2 )] 


'(ei), 


Tei — V.ei, e\ 


T"[ei,e 2 ]A — .RA^®(ei, 62 ). Finally we compute 
= [ei,e2l'l'+ Vp,(e2)el = Ae^eJ. □ 


6.4.4. The VB-Courant algebroid associated to a double Lie algebroid. Consider a 
double vector bundle {D\ B\M) with core C and a VB-Lie algebroid structure on 
each of its sides. Recall from j |2.4.2 that (I?; A, B, M) is a double Lie algebroid if and 
only if , for any linear splitting of D, the two induced 2 -representations (denoted as in 
1 2.4.2 1 form a matched pair. By definition of a double Lie algebroid, {D D ^B) 
is then a Lie bialgebroid over C*, and so the double vector bundle 


D^A®D^B -^ C* 

Y 

A® B - 


with core A* 0 B* has the structure of a VB-Courant algebroid with base C* and 
side A(B B. 

Consider the splitting t,: {A (B B) Xm C* —>■ D ^ A ® D ^ B given by 
E((a(TO),5(m)),7m) = (7m), 0 - 5(7 

a*:r(i?) 


i)), where a\-. r(y l) — > L^. (ZJ^A) and 
Tq,{D^B) are defined as in (13) or Lemma [2.3[ By ( [T4| ), this is a 
Lagrangian splitting. Recall from ( 2.4.1 that the splitting YA: A x m C* ^ D ^A 
of the VB-algebroid {D^A —)■ C*,A —)■ M) corresponds to the 2-representation 
(V*^*, — i?*) of 2 I on the complex 9^ : B* —)■ C*. In the same manner, the split¬ 

ting YA ■. B XmC* ^ D^B of the VB-algebroid {D^B C*,B ^ M) corresponds 
to the 2-representation (V‘^*, V"^*, —B*) of B on the complex : A* —?- C*. 

We quickly check that the split Lie 2-algebroid corresponding to the linear splitting 
E of H ^A 0 D ^B is the bicrossproduct of the matched pair of 2-representations 
(see Example 5.5). The equalities in (14) imply that we have to consider A(B B a,s 
paired with A* 0 B* in the non standard way: 


((a, 6 ),(a,/ 3 )) = a{a) - / 3 {b) 

for all a S r(Yl), b G r(il), a G r(A*) and /3 G r(B*). The anchor of a{a,b) = 
(cr*(a), o-*( 6 )) is V* 0 Vj G X\C*), and the anchor of (a, 9)^ = (/?^ G T^. (D ^ 
A(BD^B) is {dg(3+d’^a)'^ G X‘^(C*). The Courant bracket |((T(^(a), (t^( 6 )), (/Z'l’, a'^)] 
is 

(K(o), 9 ^] + £a%{b)li^ - iatd^>|;^cr(^(o), [0-5(6), a^'] 0 - i/3td^^^o-5(6)) , 

where rc*(/\*Zl ^B) —>■ Tc* (/\*'^^Z) ^B) is dehned as usual by the Lie 

algebroid D ^A^ and similarly for D ^B (bear in mind that some non standard signs 
arise from the signs in ([l4|)). The derivation £ : r(£i ^A) x r{D ^B) T{D ^B) 
is described by 

£ii^aB{b) =-{b,V* I 3 )\ = £aa\ 

£ab) 0 R{a, •)6, 

in m Lemma 4.8]. Similar formulae hold for £: T{D ^B) x r{D ^A) —>■ r(Zl ^Gl). 
We get 

|(a:^(a), (7^(6)), (/3t, at)] = {{^ 1(3 0 £,P - (V.a, a))t, (V^a 0 T,a - (V.6, ( 3 ))^) . 
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In the same manner, we get 
l{a\{ai),aB{bi)),{a\{a 2 ),<TB{b 2 ))l 
= «([a, a'] + Vfca' - V^m), a%{[b, b'] + ^^h' - V„.6)) 

+ (^-R{ai, 02) + R{bi, ■)a2 - ■)ai,-R{bi, 62) + R{ai, ■)b2 - R{a2, O&i) ■ 

Hence we have found the following result. 

Theorem 6.12. There is a bijection between decomposed double Lie algebroids and 
Lie 2 -algebroids that are the bicrossproducts of matched pairs of 2 -representations. 

Recall that if the vector bundle C is trivial, the matched pair of 2-representations 
is just a matched pair of the Lie algebroids A and B. The corresponding double Lie 
algebroid is the decomposed double Lie algebroid {Axm B, A, B, M) found in [27] . 
The corresponding VB-Courant algebroid is 

A xm B* 0 A* xm B -s- 0 

I 

A®B - 

with core B* (B A*. In that case there is a natural Lagrangian splitting and the 
corresponding Lie 2-algebroid is just the bicrossproduct Lie algebroid structure 
defined on H 0 H by the matched pair, see also the end of §5.5[ This shows that the 
two notions of double of a matched pair of Lie algebroids; the bicrossproduct Lie 
algebroid in |29] and the double Lie algebroid in m are just the iV-geometric and 
the classical descriptions of the same phenomenon, and special cases of Theorem 


6 . 5 . Categorical equivalence of Lie 2-algebroids and VB-Courant alge¬ 
broids. In this section we quickly describe morphisms of VB-Courant algebroids. 
Then we find an equivalence between the category of VB-Courant algebroids and 
the category of Lie 2-algebroids. 


6.5.1. Morphisms of VB-Courant algebroids. Recall from { 2.1 and j3.2.2 that a 
morphism LI : Ei —-» E 2 of metric double vector bundles is an isotropic relation 
B: El X E 2 . Assume that Ei and E 2 have linear Courant algebroid structures. Then 
B is a morphism of VB-Courant algebroid if it is a Dirac structure (with support) 
in El X E 2 . 


Choose two Lagrangian splittings : Qi x Bi —>■ Ei and : (52 x .82 —>■ E 2 . 
Then, bY j 3.2.2| there exists four structure maps ujq: Mi —)• M 2 , ujq: Qi —)■ Q 2 , 
lob- Bl B 2 and a;i 2 € LI'^^Qi.ujqB^) that define completely B. More precisely, 
B is spanned over Graph(a;Q: Qi —>■ Q 2 ) by sections 


b: Graph(a;Q) —B, 

b{QTn,^^Qiqm)) = {f^B^{‘^Bb)iqm) + ^t2ib)iqTn),CrB2ib){ujQ{qm))j 
for all b £ rM 2 {B 2 ), and 

T^: Graph (wQ) ^-B, {qm,ujQ{qm)) = {{uJqt)'’ iujQ{qm))) 

for all r G Tm2{QV}- Note that B projects under -kb^ x ttb^ to Rui-^ C Bi x B2. But 
if g G r(Qi) then uj'gq G rMi{ijJoQ2) can be written as fi^'bqi G C°°{Mi) 
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and Qi GTM 2 iQ 2 )- The pair (ctsi( a;^&)(gm) + K2(^)(9m),o-B 2 (&)(wQ(gm))) can be 
written as 

UqiC?) + {^i2{qr),K^o{m)))y) {ujBb{m)),'^f^{rn)aQ^{qi){b{uJo{rn))) 

i 

Hence, H is spanned over by sections 



(50) o-Qj (g) o pr;^ +(a;i2(g, •),pr 2 )^ opri) ■ ° W 2 ) 

for all q G TmAQi) and 

(51) ((w^r)^'opri,r1'opr2) 

for all T G r((52)- Note also that (^ 12 ( 9 , •)> pr 2 )^ ° P^i can be written 
^{{^i3kX^{q)) o 9 Bi o pri) • {tpk o pra) • (tJ o pr^) 

ijk 


for some fijk G C°°{Mi), Xi,Tj G r((5);) and /3fe G r(H|). 


Checking all the conditions in Lemma 5.3 on the two types of sections (501 and 

Ru. 


(511 yield that il 

(1) WQ : Qi -)■ Q 2 over wq : Mi 
TMi and p 2 '■ Q 2 -G TM 2 : 


is a Dirac structure with support if and only if 

M 2 is compatible with the anchors pi: Qi 


TmUJo{pi{qm)) = P 2 {uJQ{qm)) 


for all q^ji G Ql^ 

(2) dio uj^= o 82 as maps from r(( 52 ) to r(i?i), or equivalently ojq o d* = 
82 OUJB, 

(3) COQ preserves the dull brackets up to 9|a;i2: i.e. 
then 

- 82 UJi 2 {q^,r^). 

(4) lob and loq intertwines the connections and up to di o u}i 2 \ 

u:*B{{^*QV%b) = Vliwiib)) - di o {u;i 2 {q, ■),b) G T{Bi) 

for all q^n G Qi and b G r{B^), and 

(5) ujqUJb^ — wb o tLiflj = —d(,^*v2)Wi2 G WqS^)- 

Hence, H is a morphism of VB-Courant algebroid if and only if it induces a morphism 
of Dorfman 2-representations after any choice of Lagrangian decompositions of Ei 
and E 2 . 


^^For simplicity, we assume that sections q ~ijq r exist and span Qi, respectively Q2- A 
general discussion without this assumption would be along the same lines, but much more technical 
(see the general definition of morphisms of Lie algebroids in m- 
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6.5.2. Equivalence of categories. The functors found in Section [3.3| between the 
category of metric double vector bundles and the category of [2]-manifolds restrict 
to functors between the category of VB-Courant algebroids and the category of Lie 
[2]-algebroids. 

Theorem 6.13. The category of Lie 2-algebroids is equivalent to the category of 
VB-Courant algebroids. 


Proof. Let {M, Q) be a Lie 2-algebroid and consider the double vector bundle E>i 
corresponding to M. Choose a splitting ~ (3[—1] 0 B*[—2] of M and consider 
the corresponding Lagrangian splitting E of . 

As we have seen in ^5.2 the split Lie 2-algebroid (Q[—l]0i3*[—2], Q) is equivalent 
to a Dorfman 2-representation. By Theorem |6.7[ this Dorfman 2-representation 
defines a VB-Courant algebroid structure on the decomposition of E^vt and so by 
isomorphism on E^vt- Further, by Proposition 6.8 and ^3.3.4 the Courant algebroid 
structure on E^ does not depend on the choice of splitting of M, since a different 
choice of splitting will induce a change of Lagrangian splitting of E^. This shows 
that the functor Q restricts to a functor Qq from the category of Lie 2-algebroids to 
the category of VB-Courant algebroids. 

Sections |5.6| and |6.5.1 show that morphisms of split Lie 2-algebroids are sent by 
Q to morphisms of decomposed VB-Courant algebroids. 

The functor JF restricts in a similar manner to a functor J^bc from the category 
of VB-Courant algebroids to the category of Lie 2-algebroids. The natural trans¬ 
formations found in the proof of Theorem |3.17| restrict to natural transformations 
7-m^cQq — Id and QqTm^c ~ Id. □ 


7. LA-Courant algebroids vs Poisson Lie 2-algebroids 

In this section, we prove that a split Poisson Lie 2-algebroid is equivalent to the 
matched pair of a Dorfman 2-representation with a self-dual 2-representation. 

Take a double vector bundle 



with core Q*, with a VB-Lie algebroid structure on (E —)■ Q, i? —>■ M) and a VB- 
Courant algebroid structure on (E —>■ B,Q —>■ M). In this section we show that the 
double vector bundle is an LA-Courant algebroid if and only if the VB-algebroid is 
metric and the self-dual 2-representation defined by any Lagrangian decomposition of 
E and the VB-algebroid side forms a matched pair with the Dorfman 2-representation 
describing the Courant algebroid side. 

We conclude by recovering in a constructive manner the equivalence between 
LA-Courant algebroids and Poisson Lie 2-algebroids |18j . 

We begin with the following definition. 

Definition 7.1. Let (B — ?> M, pB,[-, ■]) be a Lie algebroid and {Q —>■ M,pq) an 
anchored vector bundle. Assume that B acts on dq: Q* Q up to homotopy 
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via a self-dual 2-representation (V^, ,Rb), and let {83'- Q* —>■ B, A, V, -Rq 

be a Q-Dorfman 2-representation. Then we say that the 2-representation and the 
Dorfman 2-representation form a matched pair if 

(Ml) 9 q(A,t) = Vd^rq+ I^Vgr] +d%{T,V.q), 

(M2) 83(^7bT) = [b, 83T] + \7oQTb, 

(M3) 83R{bi,b2)q = —Vg[6i, 62] + [Vg6i, 62] + [^1, Vq62] + ~ ^Vbj^qb2, 

(M4) 8QR{qi,q2)b = —Vf,|gi, 52! + lqi,'^bq2l + [V^gi, 92! + ~ Vv<,^bQ2 + 

d*3{R{-,b)qi,q2). 

(M5) dysw/j = dyQWs G f\^Q*) = t7l^{Q,A^B*), where UJ3 is seen as an 

element of Q,^{B, A^Q*) and UJ3 € fl^(Q,A^B*) is defined by 

uJ3{qi,q2){bi,b2) = {R{bi,b2)qi,q2)- 

Remark 7.2. (1) (M5) is written out as 

V;,2R(gi,g2)&i - V6ii?(gi, 92)^2 + R{qi,q2)[bi,b2] 

+ R{Vbbqi,q2)b2 + R(<7i, 92)^2 - ^(Vbagi, 92)61 - R(9i, V6292)6i 

+ A,ji?(&i,& 2)92 - Aq^R{bi,b 2 )qi - R( 5 i,62)191,92I 
— i?(Vgj6i, 62)92 ~ R{bi, Vqj62)92 + R(Vq26i, 62)91 — R{bi,Vg^b 2 )qi 
= ((i?(6i, V.62) + i?(V.6i,62))9i,92) - / 9 Qd(i?( 6 i, 62)91,92) 
for all 91,92 G r(( 5 ) and 61,62 G r(i?). 

(2) The equality pq o 8q = p3 o 83 follows easily from (Ml) if Q has positive 
rank, and from (M2) if B has positive rank. If both Q and B have rank 
zero, then pq o 8q = p3 o 83 is trivially satisfied. 

(3) The equation [pQ{q), p3{b)\ = p3{\7qb) — pqiybq) follows easily from (M3) 
if B has positive rank, and from (M4) if Q has positive rank. If both Q and 
B have rank zero, then it is trivially satisfied. 

(4) If Pq o 8q = p3 o 83, then (Ml) is equivalent to 

(52) {AoQ^^a2-^aB<y2<^i) + {^dQa2<^i-^dB^i<^2) = PQd{ai,8Qa2) 
for all tTi, (72 G r((3*). 

(5) If [pq( 9 ),Pb( 6)] = P3{'^qb) - PQ(Vb9), then (M4) is equivalent to 

(53) R{q, 8QT)b - R{b, 83T)q = A,Vbr - VbA,r + Ay^^r - Vy^bT - {^V-bq, t) 

for all 6 G T{B), 9 G r(Q) and t G T{Q*). 

7.1. Poisson Lie 2-algebroids via matched pairs. We begin this subsection 
with the definition of a Poisson Lie 2-algebroid. 

Definition 7.3. Let A4 be an Poisson ^]-manifold with algebra of functions A = 
C°°(AI) and Poisson bracket {•,•}. Assume that M. has in addition a Lie 2- 
algebroid structure, i.e. it is endowed with a homological vector field Q G Der^ M. 
Then (A4,Q, {■,■}) is a Poisson Lie 2-algebroid if the homological vector field 
preserves the Poisson structure, i.e. if 

(54) QUi,6} = {Q(ei),6} + (-1)‘''^®«H6,Q(6)} 

for all ^1, ^2 € 

^^For the sake of simplicity, we write in this definition V for three different connections, unless 
it is not clear from the indexes which connection is meant. 
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A morphism of Poisson Lie 2-algebroids is a morphism of the underlying [2]- 
manifold that is a morphism of Poisson [2]-manifolds and a morphism of Lie 
2 -algebroids. 

The main theorem of this section shows that matched pairs as in Definition |7.1| 
are equivalent to split Poisson Lie 2-algebroids. 

Theorem 7.4. Let M. = Q[—V\ (B B*[—2] be a split [2]-manifold endowed with a 
homological vector field Q and a Poisson bracket {• ,•} of degree —2. Let {ds'. Q* 

B, , Rq) be the Dorfman 2-representation of {Q,pq) that encodes Q in coor¬ 
dinates, and let {dq: Q* —>■ Q,'S/*, Rb) be the self-dual 2-representation that is 
equivalent to the Poisson bracket. 

Then (Af,Q, {•,•}) is a Poisson Lie 2-algebroid if and only if the self dual 
2-representation and the Dorfman 2-representation form a matched pair. 


Proof. The idea of this proof is very simple, but requires rather long computations 
in coordinates. We will leave some of the detailed verifications to the reader. 

We check (l54|) in coordinates, by using the formulae found in (34) and Theorem 


4.3 for X and {•, •}, respectively. On an open chart [/CM trivialising both Q and 
B, we have coordinates (xi,..., Xp) and we can choose a local frame (qi,..., 
of sections of Q, and a local frame {fii,..., of sections of B*. We denote 
by (ti, ..., TrJ and ( 6 i,..., 6 ^ 2 ) the dual frames for Q* and B, respectively. As 
functions on Af, the coordinates functions xi,..., Xp have degree 0, the functions 
Ti,..., Ti-j have degree 1 and the functions 61 ,..., 6^2 have degree 2 . 

First we have Q{f) = J2i PQi<l^)ixk)(x^^a:,,{f) = Pgd/ e r(Q*) and {f,g} = 0 
for f,gG C°°{M). This yields 

+ {/, Q{9)} = {PQd/,5} + [LPQdg] = 0 = Q{f,g} 

by the graded skew-symmetry and {r, /} = 0 for r € r(Q*) and / S C°°{M). Then 
we have 

{Q(rfe),/}-K,Q(/)} 


= { - + ^{d*BPr,Tk)br, f > - {Tfe,p^d/} 

[ i <3 r J 

= '^{d*BPT,Tk)pB{br){f) - {dQTk,P*Qdf) 
r 

= PB{dBTk){f) - PQ{dQTk){f). 

But we also have Q{Tk, /} = Q(0) = 0. Hence, {Q{Tk),f} - {r^, Q(/)} = Q{Tk, /} 
is equivalent to pB{dBTk){f) = PQ{dQTk){f)- 

In a similar manner, we have Q{bi,f} = pQd{pB{bi){f)) and {Q{bi),f} -|- 

{bi,Q{f)} is 


-< ^RiT^9],qk)ibi)nTjTk + Y^{Vl.l3j,bi)nbjJ\+{bi,p*Qdf} 

ij J 

= - + v:,(p^d/) = ^(p^d/, + v:,(p^d/). 

ij ij 

Hence, Q{bi,f} = {Q{bi),f} -k {k, Q{f)} if and only if 

PQ{(l)PBibi){f) = {p*Bdf,Vqbi)PpB{bi)pQ{q){f)-pQ{Vbiq){f) 
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for all q e r((5). This is 

[PQ{(l),PB{h)\ = PB{'^qhi){f) - PQiybiq){f)- 

Then we have Q{bi,Tt^} = Q{'^biTk), which is 

PQiqi){^biTk,q3)TiTj -'^{lqi,qjj,^bTk)nTj + '^{^biTk,ds/3r)br 
i,j i<j r 

in coordinates. The Poisson bracket {Q{bi),Tk} is computed to be 

- ^{RidQTk,q^)bl,qj)nTj - ^{'^OQrJr,bl}br ■ biTk, qj)TiTj 

i<j r ij 

in coordinates, and the Poisson bracket {bi, Q(rfc)} is 

-'^PB{bl){lq^,qJ},Tk)TiTj +'^'^{lqr,qj},Tk){Tr,\/b,qi)TiTj 
i<j i,j r 

+ '^{[bl,dBTk],Pr)br - y^jRjbi, dBTk)qi, qj)nTj. 

r i<j 

By comparing the coefficients in these three equations, we find that 
Q{bi,Tk} = {Q{bi),Tk} + {bi, Q{Tk)} 


if and only if 


which is (M2) and 


dB'^bi'Tk = OQT^bl + [&/, SsTfc], 


VbTfc) 

= - {R{dQTk,qi)bi,qj) + {'^Vg,biTk,qj) - v^.biTk^qi) 

- Ps(&z)([<7i,gjl,rfc) + ([V&,(3'i,qj],Tfe) + 

- {Wbiqj,qil,Tk) - - {R{bi,dBTk)qt,q3) 


which simplifies to (M4). Next we study the condition Q{rfc,r/} = {Q(rfc),T;} — 
{Tk,Q{Ti)}. The left hand side is pQd(Tfe,5QT;) = Y.i PQ{qi){Tk,dQTi)Ti. To get 
the right hand side we note that — {r^, Q(t;)} = {Q{Ti),Tk}. A short computation 
yields 


{Q{Tk),Tl} = }_^{lqz,qj},Tk){Ti,dQTi)Tj + '^'^{dBl 3 r,Tk){'Vb,Ti,qj)Tj 




We get easily that Q{rfc, r;} = {Q(Tfc), ti} — {t^, Q(t;)} is equivalent to (52). Recall 


from Remark [7^ that together with pb ° ds = PQ ° 5q, this is equivalent to (Ml). 

The study of the equation Q{6/,6fc} = {Q(5/),5fe} + {buQ{bk)} is long, but 
relatively straightforward. We get C'°°(M)-linear combinations of TiTjTk and of Tibr. 
Comparing the factors of TiTjTk yields (M5) and comparing the factors of Tibr yields 
(M3). □ 
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7.2. LA-Courant algebroids and equivalence of categories. Li-Bland’s defi¬ 
nition of an LA-Courant algebroid is quite technical and requires the consideration 
of triple vector bundles. We give it and study it in Appendixwhere we prove the 
following theorem. 

Theorem 7.5. Let (E;(5, i3;M) he a double vector bundle with a VB-Courant 
algebroid structure on (E —> B,Q ^ M) and a VB-Lie algebroid structure on 
(E —> Qji? —>■ M). Then in particular, E is a metric double vector bundle with 
the linear metric underlying the linear Courant algebroid structure on E —>■ B. 
Choose a Lagrangian decomposition E: B Xm Q —t E o/E. Then {E,; Q, B; M) is 
an LA-Courant algebroid if and only if 

(1) the linear Lie algebroid structure on E —>■ Q is compatible in the sense of 
Definition \4-4\ with the linear metric, and 

(2) the self-dual 2-representation and the Dorfman 2-representation obtained 
from the Lagrangian splitting form a matched pair as in Definition \7.1\ 

The proof of this theorem is very long and technical, showing that the dehnition 
of an LA-Courant algebroid is hard to handle. Hence our result provides a new 
definition of LA-Courant algebroids, that is much simpler to articulate and probably 
also easier to use. 

Further, we now explain how this theorem shows that LA-Courant algebroid are 
equivalent to Poisson Lie 2-algebroids. (Note that this has already been found by 
Li-Bland in IlSj.i First, morphisms of LA-Courant algebroids are morphisms of 
metric double vector bundles that preserve the Courant algebroid structure and 
the Lie algebroid structure m- Hence, the category of LA-Courant algebroids is a 
full subcategory of the intersection of the category of metric VB-algebroids and the 
category of VB-Courant algebroids. 

On the other hand. Definition |7.3| shows that the category of Poisson Lie 2- 
algebroids is a full subcategory of the intersection of the categories of Poisson 
[2]-manifolds and of Lie 2-algebroids. 

This, Theorem |7.4| and Theorem |7.5| show that the equivalences of the categories 
of metric VB-algebroids and of Poisson [2]-manifolds and of the categories of VB- 
Courant algebroids and Lie 2-algebroids restrict to an equivalence of the category of 
LA-Courant algebroids with the category of Poisson Lie 2-algebroids. 


7.3. Examples of LA-Courant algebroids and Poisson Lie 2-algebroids. 

Next we discuss some classes of Examples of LA-Courant algebroids, and the 
corresponding Poisson Lie 2-algebroids. 


7.3.1. The tangent double of a Courant algebroid. Let E —>■ M be a Courant algebroid 
and choose a metric connection V: X(M) x r(E) —F(E). We have seen in Examples 


2.8 3.11 and (4.4.1 that the triple (V, V,i?v) is then the TM-representation up 
to homotopy describing (TE — E,TM —)■ M) after the ch oice of the splitting 
E X M M ^ TE. We have also seen in Section |6.4.3| that the E-Dorfman 
2-representation encoding the Courant algebroid side (TE —)■ TM,E —)■ TM) is 
(Pe : E —)■ TM, A,V^^, R}^). A straightforward computation resembling the one 
in [HI Section 3.2] for the tangent double of a Lie algebroid shows that this 2- 
representation and this Dorfman 2-representation are compatible, and so that TE is 
an LA-Courant algebroid (see also [H]). 

Example |4.4.1| and §4.1.1| show that this class of LA-Courant algebroids is 
equivalent to the symplectic Lie 2-algebroids. 
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7.3.2. The standard Courant algebroid over a Lie algebroid. Let A be a Lie algebroid. 
Then TAQ)T*A has a VB-Courant algebroid structure {TA(BaT*A] TMQ)A*,A; M) 
by ^6.4.1 and a metric VB-algebroid structure {TA(BaT*A^ TM(BA*,A^ M) by 


Example 3.12 Recall from §6.4.1| and Example |5. 4. 2| the Dorfman 2-representation 
given by a Lagrangian splitting and the VB-Courant algebroid structure, and recall 
from Example |3.12| the self-dual 2-representation defined by the same Lagrangian 
splitting and the VB-algebroid structure. A straightforward computation, that also 
resembles the one in [ni Section 3.2] for the tangent double of a Lie algebroid, 
shows that the Dorfman 2-representation and the self-dual 2-representation form a 
matched pair. Hence, TA 0^ T*A is an LA-Courant algebroid. 

7.3.3. The LA-Courant algebroid defined by a double Lie algebroid. More generally, 
take a double Lie algebroid {D,A,B,M) and consider the metric VB-algebroid 


D®b {D^B) 


Y 

A®C* 


B 


■M 


defined as in §4.4.2 by the VB-algebroid {D ^ A, B ^ M). Since (D ^ B, A ^ 
M) is a VB-algebroid as well , we get a linear Courant algebroid structure on 
D 0_B {D f^B) —> H as in ]6.4.2 Given a linear splitting S: Axm B ^ D, we get a 


matched pair of 2-representations as in Dehnition |2.10[ see §2.4.2| 

The induced linear splitting E: B Xm {A (B C*) D (Bb (dWb) defines hence a 
2-representation 


(55) {dA(Bd\:C(BA*^A(BC\V' 




,i?0(-i?*)). 


as in §4.4.2 and a Dorfman 2-representation {dBOWc • C(BA* —>■ B, A, V, R) defined 
by 

A: r(A 0 C*) X r(C' 0 A*) r(C' 0 A*) 


(56) 


A. 


L7) 


(c, a) = (VaC, £aOi + (V*7, c)). 


(57) 
with A 

(58) 


V-.V{A(BC*)xV{B)^T{B), = 

C* anchored by pA, and i? G a;^(A 0 C*, Hom(i?, C 0 A*)), 

^((ai, 7 i), (“2,72)) = {R{ai,a2),{l2,R{ai,-)) 0 (71, A(-, 02))) 

as in Example |5.4.4| see §6.4.2[ A straightforward computation shows that the 
matched pair conditions for the 2-representations describing the sides of D imply 
that the 2-representation ( [5^ and the Dorfman 2-representation (56)-(58) form 
a matched pair. Hence, {D (Bb {D ^B), A 0 C*, B, M) has a natural LA-Courant 
algebroid structure. In the same manner, {D 0^ {D f^A),B 0 C*,A,M) has a 
natural LA-Courant algebroid structure. Hence, we get the following theorem. 

Theorem 7.6. Consider a matched pair of 2-representations with the usual notation. 
Then the split [2]-manifold (A0 C*))—1] 0 B*[—2] endowed with the semi-direct Lie 
2-algebroid structure in o,nd the Poisson bracket defined by (551 and {f.4..2. 

is a split Poisson Lie 2-algebroid. 

By symmetry, the split [2]-manifold {B 0 C*))—1] 0 A*[—2] also inherits a split 
Poisson Lie 2-algebroid structure. 
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7.4. The degenerate Courant algebroid structure on the core. We prove in 
this section that the core of an LA-Courant algebroid inherits a natural structure 
of degenerate Courant algebroid. We discuss some examples and we deduce a new 
way of describing the equivalence between Courant algebroids and symplectic Lie 
2-algebroids. 

Theorem 7.7. Let (E;i3,(5;M) be an LA-Courant algebroid and choose a La- 
grangian splitting. Then the core Q* inherits the structure of a degenerate Courant 
algebroid over M, with the anchor pqBq, the map V = Pgd: C°°{M) —>■ r((5*), the 
pairing defined by {ti,T 2 )q* = {Ti,dQT 2 ) and the bracket defined by |ti,T 2 ]q* = 
Ag^TiT 2 — VpgT-aTi for all ti,T 2 G r((5*). This structure does not depend on the 
choice of the Lagrangian splitting, and the map Ob ■ Q* ^ B preserves the brackets 
and the anchors. 


Proof. Theorem |7.5| states that the 2-representation and the Dorfman 2-representation 
defined by a Lagrangian splitting form a matched pair and that the 2-representation 
is self-dual. Hence, by (1) of Definition |4.2[ the pairing (•, •)q* is symmetric. The 
map p*Qd: C°^{M) -G r(g*) satisfies (T,p^d(/3)Q. = (5QT,p^d(p) = (pgSgT, d^?) = 
{PQ ° for ah T G r((5*) and Lp G C°°{M). We check (CA1)-(CA5) in 

Definition 5.1 Condition (CAS) is immediate by definition of the bracket. Condition 
(CAS) is exactly (52). Note that (M5) and (Dl) imply 

dBlTl,T2lQ- = ^B{AQQr^T2 - Vg^r^Ti) 

(59) = '^dQT^dBT2 - [9bT2, BbTi] - VdQridBT2 = 9bT2]. 


This and PQ o dq = pB o Ob (see Remark 7.2) imply the last assertion of the 
theorem. In the same manner (Ml) and ° dq = Oq o (by Definition of a 
2-representation) imply the equation 


(60) 


'9Q[Ti,r2lQ. = [(9Qri,dQr2lA+ 9B(T2,V.(9Qri). 


The compatibility of the bracket with the anchor (CA4) follows then immediately 
from with ( |47| , or from (59) with pq o dq = pb° ^b- Next we check (CA2) 
using (Ml) and o dq = dq o . We have 

Pqdq{Ti){T 2 ,Tf)q. - (|ri,T2lQ.,T3)Q. - (7-2, |ri,r3]Q.)Q. 

= (t2, ldqTi,dqT3jA) + (VasrsTi, i9qt3) - {T2,dqAoQriT3 - dq^OsTsTi) 

= {T2,-dqAgQr^T3 + Wo^r 3 dqTi + {dqTi, dqT3lA + d*B{W.dqTi, T 3 )) = 0. 


Finally we check the Jacobi identity (CAl). Using (59) and ( |60| , we have for 
n,r 2 ,r 3 G r(Q*): 

[[ti,t-2|q.,T3]q* -F |r2, [Ti,r3]Q.]Q* - In, [T2,r3]Q.]Q. 

= l^dQr,T 2 - Va^^2D,r3]Q. -b lT2,Ag^r,T3 - ^g^^r^Tilq* 

~ [d I AaQ.r2'r3 ~ Vg^T3 7'2]Q* 

“ ‘^I9oTl,0QT2]+a^(T2,V.aQTi)'r3 ~ ^ 8BT3{^dQTi'T2 — Va3T-2D) 

+ ^9qT2 (^OqtiTs — Vg^TjTi) — V[£5^T-j_a^T3]T2 

~ (AaQT2T3 — VagT3T2) -I- ^[dBr 2 ,dBT 3 ]Tl 

= Rv{dBT3,dBT2)Ti + ^aBr2^dsTsTl “ ^A(9Qri, aQr2)r3 + Aa|^(^3_v.9Qri>T-3 
~ dB'r3^dQTiT2 + VagT3T2 — AagT2 D — [dBTi,dBT3]T2- 
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Using the equalities 

RA{dQTi,dQT 2 )T 3 = R{dQTi,dQT 2 )dBT 3 by (D4), 


RvidsTs, dBT 2 )Ti = R{dBT 3 , dBT 2 )dQTi by the Def. of a 2-representation, 
and 1 ^ , this is 

“ ^Vg^^^dQTiT 2 + '^VgQ^^dBr 3 'T 2 + V. dBra^QTl, T2) 

+ ^SbT2^9bT3'71 + ^8g{T2,'V .dQTi)T3 ~ ^[0sTi,9_BT3]b2 ~ ^dQT2^ dBTg'Tl- 


By (52), we can replace 

~ g^T^dQTiT 2 + VagT-2 Va^T3'7l — 

“ ~ ^9q(V8^X3Ti)’^2 + BbT^^SObT^'^i) ~ dBT3'^l) 

by 

-^dB(Vgg^^ri)T 2 - PQd(r2,l9QVa^T-3Ti) 

and we get 

^V9Q,3 9sT3-[9BTl.9Br3]-9B(Va^^3Ti)'r2 + (Vv.9BT35Q'ri,T2) 

+ ^9|;(r2,V.aQri)7'3 “ PQd(T2, g^r^Ti) 

Since Vg^r^dBr^ - [ 55 ^, 55 X 3 ] - dBi'^OBr^Ti) = 0 by (M2), we finally get 
(61) (Vv.9Br3dQTi,r2) -I- Ag. ^^3 v.9Qri)'r3 - PQ^{T2,dQVdj^r^Ti). 


We write/3 := (V. 9 QTi,r 2 ) S T{B*). Since pgodg = pB^ds and V'^odg = dgoV*^*, 
we find (3 = (dgV.ri,r 2 ) = (V.ri,5gr2) G r(B*). To see that ( [M| ), a section of Q*, 
vanishes, we evaluate it on an arbitrary q G r(Q). We use (Dl) and the definition 
of a 2 -representation and we get 

(Vv,9BT39gTi,T2) (Ag^pT3,g) - PQ(g)(T2,dQVd^rsTi) 

= (VdBA,T3dQTi,T2) + (Ag^pT3,q) - PQ(q)(T2,dQV9^r3n) 

={P,dBAgT3) + (Aa.^rs,^) - pg(g)(/ 3 , ^5x3) = -([g, 5 b/ 3 |a, 7-3) -f (Aa.^T 3 ,g). 


Since the Dorfman connection A is dual to the skew-symmetric dull bracket |-, ’Ia, 
this is 


PQ{dBp){q,T3)- 


Since pq o dg = 0 by (471, we can conclude. 

We finally prove that the degenerate Courant algebroid structure does not depend 
on the choice of the Lagrangian splitting. Clearly the pairing and anchor are 
independent of the splitting, so we only need to check that the bracket remains 
the same if we choose a different Lagrangian splitting. Assume that Si, E 2 : B Xm 
Q E are two Lagrangian splittings. Then Ag^^^T 2 - = A?i^^^r 2 -I- 

</>i 2 ( 5 gTi, 55 X 2 ) - - (j)i 2 {dQTi,dBT 2 ) = A^^^^T 2 - by Proposition 

| 6 . 8 |and the considerations following Theorem |2.6[ □ 


We will study in a future work the N-geometric description of degenerate Courant 
algebroids. 
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Example 7.8 (Tangent Courant algebroid). Consider the example described in 
§4.4. 1 [ §5.4.3| and §6.4.3[ The degenerate Courant algebroid structure on the 
core E of TE is just the initial Courant algebroid structure on E since Aeje 2 = 
|ei, 62 ] + Vp(e 2 )ei by definition and so 

Aeie2 - Vp(e2)ei = [61,62!. 

We have hence proved that the Courant algebroid associated to a symplectic Lie 
2-algebroid can be defined directly from any of the splittings of the Lie 2-algebroid, 
and so does not need to be obtained as a derived bracket. Recall that we have 
characterised split symplectic [ 2 ]-manifolds in 

Theorem 7.9. Let Ai be a sympleetic Lie 2-algebroid over a base manifold M. 
Then the corresponding Courant algebroid is defined as follows. Choose any splitting 
A4 ~ Q[—1] 0T*M[—2] of the underlying symplectic [2]-manifold. Then Q ~ Q* via 
dq and Q inherits a nondegenerate pairing given by (Sqti, dQT 2 )Q = (ti, 9 qT 2 ) . The 
split Lie 2-algebroid structure on Q (B T*M is dual to a Dorfman 2-representation 
of Q on —I*: Q* —>■ TM. The map l\ defines an anchor on Q and the bracket 

[•,• 1(5 defined onT{Q) by ldQTi,dQT 2 jQ = dQ{Ag^.riT 2 -{IIt 2 ,ti}) does not depend 
on the choice of the splitting. This anehor, pairing and bracket define a Courant 
algebroid structure on Q. 


(4.1.1 


Note that the Courant algebroid structure is more naturally defined on Q*, but 
we consider the induced Courant algebroid structure on Q by the vector bundle 
isomorphism (3 = dg: Q* ^ Q defined by the pairing on Q*. We do this for our 
result to be consistent with the constructions in §4.1.1[ §5.4.3| and (7.3. 1| 


Example 7.10 (Core of the standard Courant algebroid over a Lie algebroid). 
Consider now the Example discussed in Example |5.4.2[ §6.4.1| and §7.3.2[ namely 
the standard LA-Courant algebroid 


TA 024 T*A -s- TM 0 A* 


A 


M 


over a Lie algebroid A. The degenerate Courant algebroid structure on the core 
A 0 T*M of TA 0 T*A is here given by pA®T*M{a., 0) = pA{a)j 

((oii ^ 1 )) (<22, ^2))AeT*M = ((ai> ^l), (PA> Pa)(^2, ^ 2 )) 

and the bracket defined by 

[(ai) ^ 1 )) ( 02 , 6 * 2)1 AeT*M = ([ai) 02 ], £pA(ai)(^2 — 

for all 0 , 01,02 G r(A) and 9 , 61,62 G 0^(M). To see this, use Lemma 5.16 in 
[15] or the next example; this degenerate Courant algebroid plays a crucial role in 
the infinitesimal description of Dirac groupoids m, i.e. in the definition of Dirac 
bialgebroids. 


Example 7.11 (LA-Courant algebroid associated to a double Lie algebroid). 
More generally, the LA-Courant algebroids (and the corresponding Poisson Lie 
2-algebroids) constructed in (4.4.2 (5.4.4 §6.4.2 and (7.3.3 and Theorem |7.7| yield 
the following application. 
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A matched pair of 2-representations as in Definition |2.10| defines two degenerate 
Courant algebroids. The first one is CoA* —>• M with the anchor pc®A* '■ C0A* —>• 
TM defined by pA o pr^ o(5a ® 9^) = Pb ° ds o pr^. The pairing is defined by 

((ci,ai), (c 2 ,a 2 ))ceA* = (ai,5AC2) + (a2,5^ci) 
for all ai,a 2 G r(A*) and ci,C 2 G r(C'), and the bracket by 
|(ci,ai), (c 2 ,a 2 )lceA* = qi)(c 2 , <^ 2 ) - '^ 0302 (^ 1 ,ai) 

~ d A Cl C-2 ^9^02^1 j £dACi 0^2 + (V. 9^Q!i, C 2 ) g^^^CXi ) 

~ 9aC l C 2 ^9sC2^1 7 £dACi ^2 ^9aC2 AaUi) . 

The second degenerate Courant algebroid is C © B* —>■ M with the anchor 
PC®B*C ®B* ^ TM defined by ps o pr^ o( 9 b © 9 ^) = PBodso pr^, the pairing 
defined by 

((cii9l): (c2,/32))ceB* = Wl,dBC2) + (/32,9bCi) 
for all pi, [32 G r(i?*) and ci,C 2 G r(C'), and the bracket 

[(ci,/3i), (c2,/32)lceB* = (V 9 SC 1 C 2 - Va AC2^^ ^ £ Ob Cl P 2 19_bC2^r9i)* 


Note that in both cases, the restriction to r(C) of the Courant bracket is the Lie 


algebroid bracket induced on C by the matched pair, see f2.11 


8. VB-Dirac structures, LA-Dirac structures and pseudo Dirac 

STRUCTURES 

In this section, we study isotropic subalgebroids of metric VB-algebroids and 
Dirac structures in VB- and LA-Courant algebroids. While we paid attention in 
the preceding sections to bridge [2]-geometric objects to geometric structures on 
metric double vector bundles, we are here more interested in classifications of Dirac 
structures via the simple geometric descriptions that we found before for VB-Courant 
algebroids and LA-Courant algebroids. 


8.1. VB-Dirac structures. Let {K\B,Q-,M) be a VB-Courant algebroid with 
core Q* and anchor 0: E —>• TB. Let B be a double vector subbundle structure over 
B' C B and U C Q and with core K. Choose a linear splitting E: B Xm Q —>■ E 
that is adaptecj^ to D, i.e. such that E(B' Xm U) C D. Then D is spanned as a 
vector bundle over B' by the sections o'q[u)\b' for all u G r([/) and t^\b' for all 
T G T{K). 

The following two propositions follow immediately from the study of linear metrics 
in j |3.2.1 and the dehnition in (22). 


see that such a splitting exist, we work with decompositions. Since D and E are both double 
vector bundles, there exist two decompositions B' X mUX mK ^ D and I: B X mQX mQ* —tE. 
Let t: D —> E be the double vector bundle inclusion, over lu : U Q and ig/: B' B, and with 
core lk'- K ^ Q*. Then there exists if) S (g) U* ® Q*) such that the map 1“^ o t o : B' Xm 

UXmK^BXmQXmQ* sends (bm,Um, km) to (rs(6m), tc/fum), iK{km)+<l>{bm,Um))- Using 
local basis sections of B and Q adapted to B' and U and a partition of unity on M, extend 
(f) to (j) a r(iJ* (g) Q (g Q*). Then define a new decomposition 1“^ : E —)■ B Xm Q Xm Q* by 
i“^(e) = I“^(e) +B {bm,0m,-4>{bm,qm)) = I“^(e) +Q {Om,qm,-4>{bm,qm)) for e S E with 
TTsfe) = bm and Tlgie) = qm- Then (I O 1 , O Ig){bm,Um, km) = (LBibm), Lui'^m), I.K{km)) for 
all {bm,Um,km) S B' Xm U Xm K. The corresponding linear splitting E: B Xm Q —t E, 
S(bm, qm) = Hbm,qm,0^ ) Sends (Lgifbm), LuiUm)) tO iflgfbm, Um, O!^) S r(D). 
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Proposition 8.1. In the situation described above, the double subbundle I? C E 
over B' is isotropic if and only if K C U° and A as in (221 sends U ®U to B' . 


Proposition 8.2. In the situation described above, D is maximal isotropic if and 
only if U = K° and A sends U to B'°. 


Now we can prove that if D is maximal isotropic, then there exists a Lagrangian 
splitting of E that is adapted to D. 


Corollary 8.3. Let (E, be a metric double vector bundle and Z? C E a 

maximal isotropic double subbundle. Then there exists a Lagrangian splitting that is 
adapted to D. 


Proof. As before, let 17 C Q and B' C B he the sides of D. Then by Proposition 8.2 
the core of D is the vector bundle U° C Q*. Choose a linear splitting E: Qx mB 
that is adapted to D. Then D is spanned as a vector bundle over B' by the sections 
o'q{u)\b’ for all u G h'{U) and t^\b' for all t G r(U°). As in the proof of Theorem 
|3.8[ transform E into a new Lagrangian linear splitting Eh We need to show 
that aQ{u)\B' — crQ{u)\B' is equivalent to a section of B'* ® U° for all u G r([/). 


But <j'q{u) 
K{u,u')\b' 


— crQ{u) = ^A(u, •) by construction and, since D is isotropic, we have 
= 0 for all u,u' G T{U). □ 


Remark 8.4. Consider a Courant algebroid E M and its tangent double TE. 
Recall from Example |3.11| that Lagrangian splittings of TE are equivalent to metric 
connections X(M) x r(E) — >■ r(E). Let V be such a metric connection, that is 
adapted to a maximally isotropic double subbundle D over the sides TM and 
t/ C E. Define [V]: X(M) x T{U) -G T{E/U^) by [V]xu = Vffu G r(E/U-^). A 
second metric connection V': X(M) x r(E) —>■ r(E) is adapted to D if and only if 
Vxu — V'xU G r(U°) for all X G X(M) and for all u G T(U). Hence, if and only if 
[V] = [V']. We call [V] the invariant part of the metric connection adapted 
to D. 


The existence of Lagrangian splittings of E adapted to maximal isotropic double 
subbundles D will now be used to study the involutivity of D. Note that in a 
very early version of this work, we studied VB-Courant algebroids via general (not 
necessarily Lagrangian) linear splittings. We found some more general objects than 
Dorfman 2-representations; basically Dorfman 2-connections with the additional 
structure object A appearing in (Dl) to (D5) in Definition 5.8 The study of the 


involutivity of general (not necessarily isotropic) double subbundles D of E was 
then possible, and yielded very similar results. 


Proposition 8.5. Let {E,B;Q,M) be a VB-Courant algebroid and D C E a 
maximal isotropic double subbundle. Choose a Lagrangian splitting of E that is 
adapted to D and consider the corresponding Dorfman 2-representation, denoted as 
usual. Then D is a Dirac structure in E with support B' if and only if 

( 1 ) dBiU°)CB', 

(2) Vub G r(R') for all u G r((7) and b G T{B'), 

(3) |ui,U 2 ] G r(17) for all Ui,U 2 G T{U), 

(4) R{ui,U 2 ) restricts to a section o/ r(Hom(R', 17°)) for all ui,U 2 G r(U). 


A Dirac double subbundle D of a VB-Courant algebroid E as in the proposition 
is called a VB-Dirac structure. 
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Proof. This is easy to prove using Lemma 5.3 on sections <Jq{u) and t\ for u G r([/) 
and r G T ([/“). Their anchors and Courant brackets can be described by 

e(aQ(u)) = ^ G X‘(B), e(T^) = (dBrf G X^B), 

[f7Q(Ml),CrQ(u2)l = CrQ(|ui,U2l) - i?(ui,'U2), 

|crQ(u),r'l'] = iAuT)\ = 0 


for all u,ui,U 2 G r([/) and t,ti,T 2 G r{U°). The vector field V„ is tangent to B' 
on B' if and only if for all /? G r((i3')°), = ^v ;/3 vanishes on B' . That is, if 

and only if, for all /3 G r{{B')°), V*/3 is again a section of {B')°. This yields (2). 
The vector field is tangent to B' if and only if Sbt G r(B'). This yields (1). 

Next, |(TQ(u),rl] = (A„r)'^ is a section of D over B' if and only if A„t G r(?7°). 
Since A^r G r([/°) for all u G r(U) and r G r(17°) if and only if |ui, 112 ] G r({7) for 
all Ui,U 2 G r({7), this is (3). Further, (Tq(|ui,U 2 ]) takes then values in D over B', 
and so |tTQ(ui), erg( 11 . 2 )] takes values in D over B' if and only if R{ui,U 2 ) restricts 
to a morphism B' ^ U° . This is (4). □ 


We get the following result for ordinary VB-Dirac structures (with support B) in 

E. 


Corollary 8.6. Let (E, be a VB-Courant algebroid and {D,B,U,M) C E 

a maximal isotropic double subbundle. Choose a Lagrangian splitting o/E that is 
adapted to D and consider the corresponding Dorfman 2-representation, denoted as 
usual. If D is a Dirac structure in E —>■ S, then U inherits a Lie algebroid structure 
with bracket |-, •]|r(u)xr(c/) anchor pq\u ■ This Lie algebroid structure does not 
depend on the choice of Lagrangian splitting. 


Proof. By (3) in Proposition 8.5 |-, •] restricts to a bracket on sections of U. 


For ni,M 2 ,M 3 , Jac|. ,.|(mi,M 2 ,'U 3 ) = U 2 , U 3 ) = 0 since u}r{ui,U 2 ,U 3 ) = 

(i?(ni, M 2 ), R 3 ) = 0 G r{B*) by (4) in Proposition 8.5 Hence, U with the bracket 


[■, ’1 |r(c/)xr(c/) and the anchor pq\u is a Lie algebroid. 

If (j>i 2 G r((5* A Q* 0 B*) is the tensor defined as in (2.2.1 by a change of 
Lagrangian splitting adapted to D, then, by Proposition | 6 . 8 | 

| u , m']i = Iu,ul2-G d*B(l>i2{u,u) 


for all u,u'. But since both splittings B Xm Q —t E are adapted to D, 

we know that ^^{u) and o'q(u) have values in D, and their difference <Jq{u) — 

(t‘q{u) = 4)i2{u) is a core-linear section ot D —>■ B. Hence it must takes values 
in U°, and 4 )i 2 {u,u') must so vanish for all u,u' G r(17). As a consequence, 
|m,m']i = |m,m']2. □ 


The following two corollaries are now easy to prove. (The first one was already 
found in dg.) 

Corollary 8.7. Let (A4, Q) be a Lie 2-algebroid, and (E ^ B,Q ^ M) the 
corresponding VB-Courant algebroid. Then VB-Dirac structures in E are equivalent 
to wide Lie 1-subalgebroids of (A4, Q). 


Proof. A wide Lie subalgebroid of (A4, Q) is a wide [1]-submanifold 1] of M 

such that Qu{p*0 = L*{QiO)y C ^ C°°{M), defines a Lie algebroid structure Qu 
on U. Here, p: 1] —)■ A4 is the submanifold inclusion as in Definition 3.4 
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In a splitting ( 5 [— 1] 0 B*[—2] of At, the homological vector field Q is given 
by (34). Assume that the choice of local basis vector helds is as in the discussion 
after Definition 3.4 Then we have Quif) = M*(PQd/) = Pqdf + U° for all 
/ G C°°{M). This translates easily to pu = Pq\u- Then we have Quin + U°) = 
Quip*n) = P*iQiTk)) = - Yli^jilui, Uj\,Tk)fifj for fc = 1,..., r. This shows that 
the bracket on U must be the restriction to r(C7) of the dull bracket on r((5). 
Finally 0 = Quip*bi) = p*{Qibi)) = -J2i<j<k<r^Ri'^i^^j^'^k)ibi)fifjfk for all I 
shows that ujr{ui,U 2 ^u^) must be zero for all ui,U 2 ,U 3 G r(17). This is equivalent 
to (3) in Proposition 8.5 (with B' = B). Note that since B' = B, (1) and (2) in 
Proposition | 8 . 5| are trivially satisfied. Hence we can conclude. □ 


Corollary 8.8. A VB-Dirac structure {D, B;U, M) in a VB-Courant algebroid 
inherits a linear Lie algebroid structure (D -G B,U ^ M). 


Proof. 


□ 


8.2. LA-Dirac structures. Assume now that (E —)■ Q; i? —>■ M) is a metric VB- 
algebroid, and take a maximal isotropic double subbundle D of E over the sides 
U C Q and B' C B. We will study conditions on the self-dual 2-representation 
defined by a Lagrangian splitting and the linear Lie algebroid structure on E —>■ Q, 
and on Q and on B', for D to be an isotropic subalgebroid of E —Q over U. 

Note the similarity of the following result with Proposition |8.5[ 

Proposition 8.9. Let (E, B; Q, M) he a metric VB-algebroid and {D, B'\ U, M) C E 
a maximal isotropic double subbundle. Choose a Lagrangian splitting o/E that is 
adapted to D and consider the corresponding self-dual 2-representation, denoted as 
usual. Then D ^ U is a subalgebroid o/ E —>■ Q if and only if 

(1) dQiU°) C U, 

(2) VbU G r([/) for all u G T{U) and b G T{B'), 

( 3 ) [61,62] G r(B') for all 61,62 G r(B'), 

(4) i?( 6 i, 62 ) restricts to a section 0 /r(Hom([/, t/°)) for all 61,62 G r{B'). 

Proof. This proof is very similar to the proof of Proposition |8.5i and left to the 
reader. □ 


Now let (E;Q,i3;M) be an LA-Courant algebroid. 

{D;U, B'; M) in E is an LA-Dirac structure if {D - 
subalgebroid oi {E ^ Q-,B ^ M). We deduce from Propositions |8.5| and 8.9 
characterisation of LA-Dirac structures. 


A VB-Dirac structure 
U, B' -G M) is also a 
a 


Proposition 8.10. Let (E, B] Q, M) be an LA-Courant algebroid and {D, B'; U, M) 
a maximal isotropic double subbundle o/E. Choose a Lagrangian splitting o/E that 
is adapted to D and consider the corresponding matched self-dual 2-representation 
and Dorfman 2-representation. Then D U is an LA-Dirac structure in E if and 
only if 

(1) dB{U°) C B' and dQ{U°) C U, 

(2) V„6 G T{B') for all u G r{U) and b G r(B'), 

(3) VfiU G r(17) for all u G T(U) and 6 G 

(4) |mi,U 2 ] G r(C/) for all Ui,U 2 G T{U), 

(5) [ 61 , 62 ] G r(B') for all 61,62 G T{B'), 

( 6 ) R{ui,U 2 ) restricts to a section 0 /r(Hom(B', {7°)) for all Ui,U 2 G T(U), 

(7) VbU G r{U) for all u G T{U) and 6 G r(B'), 
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(8) [ 61 , 62 ] e r(B') for all 61,62 € T{B'), 

(9) i?( 6 i, 62 ) restricts to a section o/r(Hom([/, t/°)) for all 61,62 S r{B'). 
Hence, we also have the following result. 

Corollary 8.11. VB-subalgebroids {D —>■ U, B M) of a metric VB-algebroid 
(E —(3,i3 —>■ M) are equivalent to wide coisotropic [l]-submanifolds of the corre¬ 
sponding Poisson [2]-manifold. 

LA-Dirac structures {D ^ U, B ^ M) in an LA-Courant algebroid (E —^ Q, H —>■ 
M) are equivalent to wide coisotropic Lie subalgebroids of the corresponding Poisson 
Lie 2-algebroid. 

Proof. Let U[—l] be a [Ij-submanifold of a Poisson [2]-manifold {M,{- , •}). Then 
17[—1] is coisotropic if and only if = 0 imply = 0 for all 

5, ry S where p: Q[—1] —>■ At is the inclusion as in Definition |3.4| In a 

local splitting, we find easily that this implies 9 q(C/°) C U, VIt G T{U°) for all 
6 G r(B) and r G r(U°), and the restriction to Lf of R{bi,b 2 ) has image in U°. By 
Proposition |8.9[ we can conclude. 

The second claim follows with Corollary |8.7[ □ 


As a corollary of Theorem |7.5[ Proposition 8.5 and Proposition 8.9 we get the 
following theorem. 

Theorem 8.12. Let (E, B;Q, M) be an LA-Courant algebroid and {D,U\B,M) C 
E a (wide) LA-Dirac structure in E. 

Then D is a double Lie algebroid with the VB-algebroid structure in Corollary 
8.8 and the VB-algebroid structure {D ^ U, B ^ M). 


Proof. Let us study the two linear Lie algebroid structures on D. Choose as before a 
linear splitting E: H x m Q —> E that restricts to a linear splitting E^: U x m B D 
of D. The LA-Courant algebroid structure of E is then encoded as in Theorems 


6.7 and 2.6 respectively, by a Dorfman 2-representation (A, V,i?) of (Q,Pq) on 
Ob'. Q* ^ B and by a self-dual 2-representation (V,V*,i?) of the Lie algebroid 
B on dq = dg-. Q* ^ Q. By Theorem 


7.5 


the Dorfman 2-representation and the 


2-representation form a matched pair as m Definition |7.1| 

By Proposition |8.5| and Corollary |8.6[ the restriction to T{Lf) of the dull bracket 
on r(Q) that is dual to A defines a Lie algebroid structure on U, R\u^u can be seen 
as an element of 0^([/, Hom(i3, {7°)) and since A^t G r(C/°) for all u G L'{U) and 
T G r({7°), the Dorfman connection A restricts to a map A^ : r(17)xr({7°) —>■ T(U°). 
Since A^(/t) = /Af r-H pQ(u)(/)r and Aj?„r = /A^r-h (u, T)p^d/ = /A„t for 
/ G C°°{M), we find that this restriction is in fact an ordinary connection. Since 
R{ui,U 2 )*U 3 then vanishes for all ui,U 2 ,U 3 G r(C7), it is then easy to see that 
the restrictions of (Dl), (D4) and (D6) to sections of U and U° define a ordinary 
2 -representation. By ( [6^ , this 2-representation {Ob'. U° -G B,V , , R\r(u)xr(u)) 

of the Lie algebroid U on Ob ■ U° ^ B encodes the VB-algebroid structure that 
D ^ B inherits from the Courant algebroid E —>■ B. 

In a similar manner, we find using Proposition |8.9| that the self-dual 2-representation 
{dg : Q* ^ Q, V, V*, i? S ^^{B, Q* AQ*)) restricts to a 2-representation (9 b : U° -A 
t/,V^: T{B)xT{U) ■.T{B)xT{U°) ^T{U°),RGn‘^{B,Rom{U,U°))) 

of B. 

A study of the restrictions to sections of Lf and U° of the equations in Definition 


7.1 shows then that (Ml) restricts to (2) in Definition 2.10 since 9 ^(t, ■ u) = 0 
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for all u € r(t/) and r G r(l7°). The equations (M2), and (M3) and immediately 

(3) and (6), respectively. (M4) restricts to (5) since {R{-,b)ui,U 2 ) = 0 for all 

ui,U 2 G r(t7) and b G (M5) restricts to (7) since the right-hand side of (M5) 

in (1) of Remark 7.2 vanishes. Finally, (52) restricts to (1) and ( [5^ restricts to 

(4) since (Vv.hM, e) = 0 for all b G T{B), u G r([/) and r S T{U°). Thus, the two 

2-representations describing the sides of D given the splitting Sd form a matched 
pair, which implies that D is a double Lie algebroid (see m or j |2.4.2| for a quick 
summary of this paper). □ 

Note finally that with a different approach as the one adopted in this paper, 


we could deduce the main result in m from our Theorem |7.5[ If we had shown 
without the use of these results that for each double Lie algebroid {D, A, B, M) with 
core C, the direct sum over B oi D and D ^B defines an LA-Courant algebroid 
{D(Bb {D^B),A(BC*,B,M) as in ^7.3.3[ then we could use the last Theorem 

2.10|from the ones in Definition |7.1| and in 


C*,B,M) as in §7.3.3 
to dedu ce th e equations in Definition 
Remark 


7.2 


by construction, the double vector subbundle D of D 0 b {D ^ B) 
is a VB-Dirac structure in D 0 b (D ^B) -G B and a linear Lie subalgebroid in 
D (Bb (D ^B) —>■ A® C*. We have chosen to use the main theorem in M to prove 
that {D 0B {D ^B), A 0 C*, B, M) is an LA-Courant algebroid, see §7.3.3 


8.3. Pseudo-Dirac structures. We explain here the notion of pseudo-Dirac struc¬ 
tures that was introduced in [n nni and we compare it with our approach to 
VB- and LA-Dirac structures in the tangent of a Courant algebroid. Consider a 
VB-Courant algebroid 



in E with core K. Consider the restriction E|j/ of E to U\ i.e. E|j/ = ttq {U). This 
is a double vector bundle 


E 


U 


Y 

B 


■M 


with core Q*. The total quotient of Ej;/ by D is the map q from 

Q to Q*IK- 



M 


Y 

qM 


•0 


■M, 


defined by 


q(e) = r e-r^ e D. 
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After the choice of a linear splitting of E that is adapted to D, we know that each 
element of E\^ can be written aQ{u){bjn) + {bm) for some u S r(17), r S r((5*) 
and bm G B. The image of aQ(u){bm) + T\bm) under q is then simply f(m). It is 
easy to see that D can be recovered from q. Recall that if ei = (JQ{ui){bm) + t\( hm) 
and 62 = (TQ{u 2 ){bm) + rlibrn) G E, then 

( 61 , 62 ) = {aQ{ui)(b m ) + rl{h m ),(^Q{u 2 )(b 

m ) + m)) 

= iA(ui,U2){bm) + (ui(to),T2(to)) + (U2 (w), Ti (to)) . 

In particular, 

( 61 , 62 ) = ( 7 rQ(ei),q(e 2 )) + ( 7 rQ(e 2 ), q( 6 i)) 

for all 61,62 G E|c/ if and only if A\u(^u vanishes and K = U°, i.e. if and only if D 
is maximal isotropic (Proposition |8.2[ ). 

Now we recall Li-Bland’s definition of a pseudo-Dirac structure m- 

Definition 8.13. Let E —>■ M be a Courant algehroid. A pseudo-Dirac structure is 
a pair ({7, V^) consisting of a subbundle 17 C E together with a map V^: r(?7) —>■ 
D}{M,U*) satisfying 

(1) VP(/M) = /VPu + d/®(u,-), 

(2) d(Mi,U2) = (VP'Ui,U2) + (ui, VPU 2 ), 

(3) |mi, U 2 ]p := |ui, U 2 IE — P*(V^ui, 112 ) defines a bracket r(17) x r(C/) —)■ r(17), 

(4) and 


(63) ((|mi,M 21 p,V 2 ’'U 3 ) -Eip(„,)d(V 2 ’u 2 ,U 3 )) +c.p. 


<*(( 




for all ui, U 2 , U 3 G r(C7) and f G C° 


^2 - - ([ui,U2lp,W3)) = 0 

(M). 


Consider the tangent double (TE, TM, E, M) where E is a Courant algebroid over 
M. Choose a linear (wide) Dirac structure D in TE, over the side [/ C E and a metric 
connection V : X(M) xr(E) — )• r(E) that is adapted to D. Li-Bland define the pseudo- 
Dirac structure associated to D [19] as the map : r(C7) —t r(Hom(TM, [/*)) 
that is defined by = q o Tu for all u G r(17). By definition of cr^, we have 
Tu = ( 7 ^(m) -I-V.m and we find that WPu{vm) = The pseudo-Dirac 

structure is nothing else than the invariant part of the metric connection that is 
adapted to D (Remark |8.4| ). Condition (2) in Definition 8.13 is then 

(64) d(ui,U2) = {Tui,Tu2)tE = (mi,V^U2) + (m2,V^Ui) 

for all Ui,U 2 G r(17) and Condition (1) is 


(65) 


)u = (p ■ -I- dp ® u. 


The bracket |-, -Jp 


V^((/j ■ u) = V.{p ■ u) = p ■ V.M -I- dp ( 
is then 

|ui,U2lp = [m1,U21e - P*(V^Ui,U2) = [u1,M21e “ p*(V.Ui,U2) = |wi,U2lv, 
the bracket defined in §5.4.3] Finally, a straightforward computation shows that the 
left-hand side of (63) equals i?^®'®(Mi,U 2 )*W 3 G T{B*), which is zero by Proposition 
8.5 Li-Bland proves that the bracket |-, -Jp defines a Lie algebroid structure on 


U. More explicitly, he finds that the left-hand side 'I'(ui,M 2 ,^ 3 ) of (63) defines 
a tensor iL G DA{U,T*M) that is related as follows to the Jacobiator of |- ,-]p: 
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Jac|. = (/3~^ o pD'I'. He proves so that (wide) linear Dirac structures in TE are 
in bijection with pseudo-Dirac structures on E. Hence, our result in Proposition 
|8.5| is a generalisation of Li-Bland’s result to linear Dirac structures in general 
VB-Courant algebroids. 


Further, our Theorem 8.9 can be formulated as follows in Li-Bland’s setting. 


Theorem 8.14. In the correspondence of linear Dirac structures with pseudo-Dirac 
connections in m, LA-Dirac structures correspond to pseudo-Dirac connections 
(H, V^) such that 

(1) [/ C E is an isotropic (or ’quadratic’) subbundle, i.e. U-^ C U, 

(2) sends JJ-^ to zero and so, by Condition (2) in Definition 8.1t^ has image 

in U/U^ C E/U^ -U*, _ 

(3) the induced ordinary connection VP: T{U/U-^) —>■ D}{M,U/U-^) is flat. 

We propose to call these pseudo-Dirac connections quadratic pseudo-Dirac 
connections. Note that Vp equals V: X{M)xT{U/U-^) —)■ T{U/U-^) Vxu = Vxu, 
u S r({7) and X G X(M), for any metric connection V: X{M) x r(17) —>■ r([/) such 
tha t [V] = VP. Such a connection must preserve U by Condition (2) in Proposition 
8.9 and so also U'^ since it is metric. The condition Rx{Xi, X 2 )u G r(D-‘~) for all 
Aii,X 2 G X(M) and u G r(D) in Proposition 8.9 is then equivalent to = 0. 


8.4. The Manin pair associated to an LA-Dirac structure. Consider an 
LA-Courant algebroid 



in E with core D°. Since dg restricts to a map from D° to U, we can define the 
vector bundle 

B = -^ 

graph(-dg|c/o) 

This vector bundle is anchored by the map 

Pb: B TM, Pttiu^r) = pq{u-\-Oqt) = pq{u) -\- pBidsT). 

Note that this map is well-defined because 

Pb(-9qt 0 t) = pQ{-dQT 0 dgr) = 0 

for all T G U°. We will show that there is a natural symmetric non-degenerate 
pairing (•, •)b on B Xm B and a natural bracket |-, -Jb on r(B) such that 

(B —t M, pb, (•, •)b) [•, ’Ib) 

is a Courant-algebroid. 

We define the pairing on B by 

{ui © ri,M2 0 T2)b = (wi,ri) 0 {u2,T2) 0 {Tl,dQT2). 
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It is easy to check that this pairing is well-defined and non-degenerate and that the 
induced map 2?b : C°°{M) —)• r(]B) given by 

(2?b/, m © r)][r = pa{u © t)(/) 

can alternatively be defined by 2 ?b/ = 0 © Pgdf. 

Choose as before a Lagrangian splitting of E that is adapted to £>, and recall 
that the linear Courant algebroid structure and the linear Lie algebroid structure on 
E are then encoded by a Dorfman 2-representation and a self-dual 2-representation, 
respectively, both denoted as usual. We define the bracket on r(B) by 

( 66 ) 

|ui © ri,M 2 © T 2 ]b 

= {lui,U2ju + ^dBTiU2 - 0 ([n,T2]Q. + A„iT2 - A^^Ti + pQd(Ti,M2))- 

A quick computation using Remark |2.7| and Proposition | 6 . 8 | show that this bracket 
does not depend on the choice of Lagrangian splitting. 


Theorem 8.15. Let {D',U, B; M) be an LA-Dirac strueture in a LA-Courant alge¬ 
broid B] M). Then the vector bundle 


graph(-aQ|c/o) 

with the anchor p^, the pairing (•, •)b and the bracket |-, -Jb, is a Courant algebroid. 
Further, U is a Dirac structure in E, via the inclusion U iti—^^©O. 

The proof of Theorem |8.15| can be found in Appendix 

Corollary 8.16. Let {D]U, B; M) be an LA-Dirac structure in an LA-Courant 
algebroid {E, B;Q, M) (with core Q*). The Manin pair (B, ?7) defined in Theorem 
|<g.l5| and the degenerate Courant algebroid Q* satisfy the following conditions: 

(1) There is a morphism if-. Q* ^ C of degenerate Courant algebroids and an 
embedding l: U ^ Q over the identity on M 

(2) i is compatible with the anchors: PQ o i = pc\u> 

(3) -\-U = C and 

(4) {iP{t),u)c = {i(u),tau) for all t G Q* and uGU . 


Proof. Take an LA-Dirac structure {D;U,B;M) in an LA-Courant algebroid 
(E;(5, B;M). The morphism fj-.Q* —E defined by '0 (t) >->• 0 © r is obviously 
a morphism of degenerate Courant algebroids. Conditions (l)-(4) are then immedi¬ 
ate. □ 


Conversely take a Manin pair (C, U) over M satisfying with Q* the conditions in 
Corollary 8.16 and identify U with a subbundle of Q. li t G U° C Q*, then '0(r) 
satisfies 

{u,iP{t))c = {u,t) = 0 


for all u G U. Since 17 is a Dirac structure, we find that ip restricts to a map 
U° —)■ Lf. Conversely, we find easily that i/’(r) G U \i and only if r S U°. Next 
choose Ti S U° and T2 G Q*. Then since ip{Ti) G U, 


(V'(n),r2) = {lp{Ti),1p{T2))c = {ti,T2)q^ = {dQTi,T2), 

which shows that ip\ijo = i9q|[/o. In particular, dq sends U° to Lf, and t/° is 
isotropic in Q*. Consider the vector bundle map 17 © Q* —t C, (m, r) >->■ m + iP{t). 








82 


M. JOTZ LEAN 


By assumption, this map is surjective. Its kernel is the set of pairs {u, t) with 
u = i.e. the graph of —9 q|j/o : U° ^ U. It follows that 


(67) 


_ U®Q* _ 

graph(-9Q|tfo : U° ^ U)' 


Hence, we can use the notation m 0 r for u + S C. 

In the case of an LA-Courant algebroid {TA(BaT*A, TM(B A*, A, M) as in ( ]7.3.2[ 
for a Lie algebroid A, we could show in [16] that Manin pairs as in Corollary 8.16 


are in bijection with LA-Dirac structures on A. That is, given a Manin pair (C, U) 
with an inclusion U ^ TM (B A* and a degenerate Courant algebroid morphism 
A 0 T*M —>• C satisfying (l)-(4), then via the identification (67), there exists a 
Lagrangian splitting of TA 0 ^ T*A such that the Courant bracket on C is given by 
( 166 ). 


In a future project we will study how this result generalises to LA-Dirac structures 
in general LA-Courant algebroids, and we will compare the data contained in the 
Manin pair with the infinitesimal description of Dirac groupoids that was found by 
Li-Bland and Severa in j^D] . 


Appendix A. Proof of Theorem 16.7 


Let (E; Q, B; M) be a VB-Courant algebroid and choose a Lagrangian splitting 
E: Q Xm B. We prove here that the split linear Courant algebroid is equivalent 
to a Dorfman 2-representation. Recall that S C rB(E) is the subset {r^ | r G 
r{Q*)}U{aQiq)\q€TiQ)}CT(E). 

Recall also that the tangent double {TB B\TM M) has a VB-Lie algebroid 
structure, which is described in ( 2 . 2 . 2 [ 

We start with the proofs of two useful lemmas. 


Lemma A.l. For /? G we have 

V{ip) = aQ{d*Bp) + ^P, 

where V*/3 is seen as follows as a section ofT(Hom{B,Q*)): {V*j3) {b) = {'V*/3,b) G 
r(Q*) for all b G T{B). 

Proof. For /3 G r(i?*), the section is a linear section of T*B B. Since the 
anchor 0 is linear, the section Dtp = 0*d.^^ is linear. Since for any t G r((5*), 

= 0(r'l')(£;3) = q%{dBT,j3), 

we find that ^{ip) — ctq(5|j/ 3) G r(ker 7 rQ). Hence, T>{£p) — (Jq^dg/S) is a core- 
linear section of E —H and there exists a section cj) of Hom(i3,Q*) such that 
F>(lp') — (7Q{dgfi) = (j). We have 

£{<!>,q) = {^,crQ{q)) = {V{ip) - aQ{d*BP),aQ{q)} = Q{(JQ{q)){,£p) = ^V*/3 
and so (fib) = (V*/3,6) G r(Q*) for all b G V{B). 


Lemma A. 2. For q G r((5) and (f G r(Hom(i?, Q*)), we have 




Oq(l)- 


□ 
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Proof. JAfrite A ® P with /3i,..., /3„ e r{B*) and n,..., r„ S r(Q*). 

Then (f) = X]”=i ''t} and we can compute 

n n 

= X! • T'i' + ipi ■ {AqTiY^ = ^ V*/3i (g) Ti + /3i (g) AgTi 
on the one hand, and on the other hand 

C n \ n / ^ \ 

'^{Pi,b)Ti I - '^{l3i,\7qb)Ti = I (g) AqTi + Vqfi (g T, | (&) 

i=l / i=l \i=l / 

for any 5 G r(i?). □ 

Now we can express all the conditions of Lemma |5.2| in terms of the data 


9b, A, V, |-, -JcT) R found in i 6.3.1 


Proposition A.3. The anchor satisfies 0 o 0* = 0 if and only if 

(1) PQ o dg = 0 and 

( 2 ) VJ.^^/ 32 +V^.^^/ 3 i = 0 /or a 9 9 i,/ 32 Gr(B*). 

Proof. The composition 0 o 0* vanishes if and only if (0 o 0*)dF = 0 for all 
linear and pullback functions F G For / G C^{M), 0(0*d(g^/)) = 

(( 9 b o pQ)dffi. For fi G F(i?*), we find using Lemma A.l 0(0*d£/3) = Q{'D£i3) = 

+ V*9) = + 9b o (V*/3, •)■ Here, 9 b o (V*/3, •) is as follows a 

morphism B ^ B] b ^ 9b((V*/3j ^))- On a linear function fi' G r(H*), 
0(0*d£^)(£^/) = On a pullback q*gf, f G C°°{M), this is 

dBi'^{pQod*g){p)f)- n 

Proposition A.4. The compatibility of 0 with the Courant algebroid bracket |-, •] 
implies 

(1) ds o R{qi,q2) = Rv(qi,q2), 

(2) PQ o [•, -la = [•, •] o {PQ, Pq), that is A,(p^d/) = p*Qd{pQ{q){f)) for all 
q G r((5) and f G C°°{M), and 

(3) 9b o A = V o 9 b. 


Proof. We have 

0 [o-Q(9l),crQ(q2)l = [0(crQ(gi)),0(crQ(q2))] = 

and 


V9i,V„ 


0 (CTQ([9i,g2D - i?(gi,92)) 


= V 




- ds o R(qi,q 2 ). 


Applying both derivations to a pullback function q^f for / G C°°{M) yields 


^9l) ^92 


(Ib/) = 9 b([pq('?i)>Pq( 92 )]/). 


and 


(^l9i.92l. - dso R{qi,q 2 )^ {qgf) = 9b(PqI'?d 921<t(/)) 

Applying both vector fields to a linear function ijs G C°°{B), fi G r(i?*), we get 


^91J ^92 


(^/3) =^V*^V*^/3-V*^V-^/3 
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and 


(^l 9 i, 92 l„ -dso i?(gi, 52)) (il 3 ) - ^^,^/ 3 -ii( 9 i. 92 )*a|;/ 3 - 


Since i?v*(9i,92) = —(^v( 9 i,92))*, we find that 

0 [o'q(9i)>o'q( 92)1 = [0(CTQ(9i)),0(crQ(g2))] 

for all qi,q2 G r((5) if and only if (1) and (2) are satisfied. 

In the same manner we compute for q S r(( 5 ) and r € r(Q*): 

0 = (SsAgr)^ 

and 

[0(c^q(9)):0(t^)] = Vg,(dBT)^ =(Vg(dBT))^. 

Hence, 0 (|CTQ(q), r'l’]) = [0 ((tq((7)), 0 (t 1 )] if and only if 9 b o A = VoSs- 


□ 


Proposition A.5. The condition (3) of Lemma 5.2 is equivalent to 

(1) R{qi,q 2 ) =-R{q 2 ,qi) and 

(2) |gi,9210- + [ 927 9i1(t = 0 
for qi,q 2 G r(Q). 

Proof. Choose 91,92 in r((5). Then we have 

Io-Q(9l),o-Q(92)l + |crQ(92),crQ(9l)l = <7 -q(|9i, 92la + [92, 9ll<T)-i?(9l, 92)-i?(92, 9l)- 

By the choice of the splitting, we have I?(ctq(9i), crQ(92)) = 22 ( 0 ) = 0 . Hence, (3) 
of Lemma 5.2 is true for linear sections if and only if R{qi,q 2 ) = —R{q 2 ,qi) and 
[9i)92l + [92,91! = 0 . On one linear and one core section, we have [o’Q(9),'r^| = 
(Aqr)'^ and [T^,tTQ( 9 )| = (—A^t + pQd(T, 9 ))'^ by dehnition. On core sections (3) 
is trivially satished since both the pairing and the bracket of two core sections 
vanish. □ 


Proposition A.6. 


The derivation formula ( 2 ) in Lemma 5.2 is equivalent to 


(1) A is dual to [•, -lo-, that is [•, -lo- = [•, -Ja, 

( 2 ) [ 9 i, 92 L + [92,91!<7 = 0 for all 91,92 G r(Q) and 

( 3 ) i ?( 9i , 92)*93 = - 2 ?( 9 i , 93)*92 for all 91 , 92,93 G r (( 5 ). 


Proof. We compute (CA2) for linear and core sections. First of all, the equations 
0(H^)M,'r]) = (['r/,T-|!,'rl) + (T•2^[H^T•3!), 

0(^■^)(T•2^o•Q(9)) = (['r^,'r2!,'^Q(9)) + ('^2^ [t^, crQ(9)!) 

and 

0(o'q(9))(t|,t-2) = ([c^q(9),H^!,t|) + (A, lcrQ{q),A}) 
are trivially satisfied for all ti,T 2 ,T 3 G r(Q*) and 9 G r((3). Next we have for 
9i, 92 G r((5) and r G r(Q*): 

0(o'Q(9l))(CTQ(92),r'l') - ([crQ(9l),crQ(92)!,r'l') - (crQ(92), [erg( 91 ), r'''!) 

= Vgi(9B(92,T)) -9 b([9i,92!^,t) - 9 ^( 92 , A,^r) 

= 9b(pq(9i)(92,t) - ([9i,92!<t,t) - ( 92 , A^^r)) 

Hence 

0(crQ(9l))(o-Q(92),Tl') = ( [ctq (91 ),CrQ (92 )!,t'I') + (crQ(92), [ctq(9i), t'''!) 
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for all qi,q2 S r(( 5 ) and t e r(Q*) if and only if A and |-, -Jo- are dual to each 
other. 

In the same manner, we compute 

0('r''')(o-Q(gi),crQ(g2)) - ([T^crQ(gl)],0•Q((3'2)) - (crgfe), I'^^C^Q(g2)l) 

= 0- (-(Aq.r)''' + {p*QA{qi,T))\aQ{q2)) - (crQ(gi),-(A,, t)''' + {pQA{q2,T))'^) 

= - 9b(I9i,921<t + [92,<?i1<t,t). 


Thus, 

0('r'^)(o’Q('?i):CrQ(g2)) = (I'^^crQ((7l)],c^Q(q2)) + (o-Q(gi), [T^crQ(g2)l) 
for all qi,q2 G r((5) and r G r(Q*) if and only if 

0 = [<?i,92l<T + lq2,qih- 

Finally we have Q(crQ{qi)){a-Q{q2),(TQ{q3)) = 0 for all gi,g2,93 G r(( 5 ), and 
(kQ(9i)><^Q(92)l,crQ(g3)) = This shows that 

0(c^q('?i))(c^q(92),o-q(( 3'3)) = ([crQ(gi),crQ(g2)l,crQ((3'3)) + (crQ((3'2), Io-q((7i), crQ(g3)]) 


if and only if 


0 = -R{qi,q2)*q3 - R{qi,q3)*q2. 


□ 


Proposition A.7. Assume that A and |-, -Jo- are dual to each other. The Jacobi 
identity in Leibniz form for sections in S is equivalent to 

( 1 ) i?(gi,(3'2) o 9 b = i?A(gi,g2) and 

( 2 ) 

R{qi, [92,53^) - R{q 2 , [gugsU) - -R([9i,g2lA),93) 

+ <>91(^(92,93)) - <>92(^(91,93)) + <>93(^(91,92)) = V* (i?( 9 i, 92 )* 93 ) 


for all 91 , 92,93 G r(Q). 


If R is skew-symmetric as in ( 1 ) of Proposition 


the same as (D6) in Definition 5.8 


LiiCll LilC OCl..UliU CqUdliUil 


Proof. The Jacobi identity is trivially satisfied on core sections since the bracket 
of two core sections is 0 . Similarly, for ri,r2 G r(Q*) and 9 G r(( 5 ), we find 
kQ( 9 ), = 0 and [[crQ(9), r^l, r2^1 + [r/, lcrQiq),T^ll = 0 . We have 

['7q(9i), [o-q(92),t^]] - |ciq( 92), |crQ(9i),r1’]] 

= [c^Q(9i),(A92r)1'] - |crQ(92),(A,,r)1'] 

= (Aq^^Aqr^r)^ — (Aq^Aq^r)^, 


[[o-Q(9i),crQ(92)l ,r^] 


ctq([ 9 i, 921 a) - J?(9i, 92), 
(Al 9 i. 92 lA'r)^ + (^(91,92) ( 9 Br)) 1 ' 


and 
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by Lemma [6. 5 1 We now choose qi,q 2 ,(l 3 € r((3) and compute 
= CrQ(|gi,(?2lA) - i?(<7l,<?2),0'Q((73) 

= (^Q{lki,q 2 jA,q 3 jA) - R{lqi,q 2 lA,q 3 ) -l>i{R{q,,q2)-,q3) + 093 -^( 91 , 92 ) 
= 0-Q(||gi,q2lA,<?3lA) - ^([gi,g2lA,g3) 

- (^Q{d*B{Riqi,q 2 )-,q 3 )) - V*(i?((3'i, 92)-,93) + 093^(91:92) 


and 

Ic^q( 92), Io-Q(9i),crQ(93)]] 


[o'q( 92), erg( 191 , 93 ] a) - i?(9l,93)J 

0 ' q ([ 92 , [ 91 , 931 a 1 a ) - i ?( 92 , [ 91 , 931 a ) - 092 ^( 91 , 93 )- 


We hence find that 


I[CTQ(9l),crQ(92)| ,crQ( 93 )| + |crQ(92), [crQ( 9 i), crQ( 93 )|| = [crQ( 9 i), [ctq( 92 ), CTq( 93 )|| 
if and only if 


[[9i,921a:931a + I92,[9i,931a1a = l9i, [92, 931 a1a + ^b(-^(91: 92)-, 93) 

and 

i?(l9i,92lA,93) + V*(i?(9i,92)-,93) - 093i?(9i,92) + ( 92 , [ 91 ,931a) + 092 ^( 91 , 93 ) 
= R{qi, [ 92 , 931a) + 091 ^( 92 , 93 )- 

We conclude using (31). □ 


A combination of Proposition A.3, A.4 A.5 A.6, A.7 and Lemma 5.2 proves 
Theorem 16.71 


Appendix B. On the LA-Courant algebroid condition 


We give here Li-Bland’s definition of an LA-Courant algebroid m, and we sketch 
the proof of Theorem |7.5| 

First consider a Lie algebroid {qA- A M, [■, •])• Then the dual A* is 
endowed with a linear Poisson structure tta, which defines a vector bundle morphism 
TT^: T* A* —> TA*. We begin by studying this morphism in decompositions of 
T*A* and TA*. Choose a connection V: X{M) x r(A) —)■ r(A). Then V defines 
a decomposition Iv: A Xm TM Xm A —>■ TA by Iv(am, Pm, Om) = TmaVm — 
S I t=o ~ ® ^ r(A) such that a{m) = am- In particular, 

the dual connection V* : X{M) x r(A*) —>■ r(A*) defines a decomposition of TA*: 


A* Xm TM Xm a 


TM 


TA* 


■TM 



Y 

A‘ 


Iv* (a(m), Vm, «„) = TmO-Vm - ^ 



a{m) T t{Vl a - a'^). 
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Further, V defines a decomposition 

^ M ^ M T* M -5- A 




-A 



Jv 


A* 



of T*A* by 

Jv (u^m ; d^Tn'j , ^771) — d£(7 (O777) QA* ) ( (^- a, Oijyi') Gyn) ; 

for all am G A*^ 9m € T*M and a € r(^), and V* defines a decomposition 
Jv : AxmA*XmT*M -> T* Ahy I^{am,a{m),9m) = d£a(am)-(Fa„gA)*((V*a, 0777 )- 
9 m). 

The map o tt^ o Jy : A* Xm Axm TM A* Xm TM x m A* is given by 

(o; 777 , Q 777 , 9 m) ' ^ ( 0 ^ 777 ) PAi^m)j (cItti, V. d) Pj^9m “t” Pa ^m)) 

(see US]), where is defined as in Example! 


2.9 


Recall that T* A* is isomorphic 
to T* A [28]; in the decompositions Jy and Jy*, of T* A* and r* 74 , the isomorphism 
is given by 

(cimjarru^m) G T* A* O {am,a,m^—9m) G T* A. 

Note further that, via this isomorphism, {T*A*) ^A ~ {T*A) ^A = TA and also 
TA* ^TM ^TA. In the decompositions, the pairing of T*A* with its dual TA is 
given by 

((o^m; ^ 777 , 9m): {p^m: V 777 , dm)) — {^m: dm) {9m: ’dm) 
and the pairing of TA* with TA is given by 

{{otm: Vm: 0 ^ 777 ) ; {dm: Vm: dm)) ~ {o^m: dm) T ( 0^7771 dm) ■ 

In [m Li-Bland defines a relation Ha C TA x TA ~ (T* A*) "JA x TA* =JtM by 
iV:W)GllA ^ (R,$)a = (VF,7r‘*($))rM for all ^ € T* A*. 

In the decomposition ly, the relation IIa is hence given by 

( 11777 , 0 . 777 , 6777 ) ( 0777 , 1 ^ 777 ,^ 777 ) 


if and only if 

{{'dm: dm: 9 m): {d^m: dm: 9 m)) 

( (O777, IU777 : 9 ,m): (O777, PA {dm ) : (O777, V, fl) PA 9 m “t“ PA {'^-d: am) )) 

for all { am : dm : 9 m ) G A777 X A777 X Tm ^ • That is, (0777,0777,6777) ^1177 { d - m :' d ^ m : ^ m ) 
if and only if Wm = PAidm), bm = dm - -I- Vp^(c,„)a and Vm = PA{cm). In 

other words, we have 

ip A {dm): bm : dm ^ 6 -j- V (am.)b) ^IIa {dm : PA {bm ) ; dm) 

for all dm: bm:Cm G A771. This leads to 

{pA{a){m):b{m):C{m) - [a,h]{m) + Vp^(a)b{'m)) 

~nA (a(m), pA{b){ni), c{m) + Vp^(b)a(m)) 
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for all a,b,c G r(A). But this is just 


TmbpAia){m) +A 37 
at 


b{m) + t([6, a] + c){m) 


t=o 


-'Ha TmapA{b){m) +A ^ 


a{m) + tc{m) 


t=o 


for all a,b,c G r(A). 

Given a,b,c G r(Al), we write (a, &, c){m) for the pair 

{TmbpA{a){m) ([5, a] + c)^(6™), T„apA(fe)(TO) +A c^(am)) 
in Ilyi and we get 

= {(a, b, c){m) I a,b,c G r(^), m G M}. 

Note that for / e C°°{M), 

{a,b,fc){m) = {a,b,f{m)c){m), 

{fa,b,c){m) = {f{m)a,b,c + pA{b){f){m)a){m), 

and 

{a,fb,c){m) = {a,f{m)b,c-pA{a){f){m)b){m) 

for all m G M. As a consequence, one can easily check that given a family of sections 
S C r(A) that spans point-wise A, we find 
( 68 ) 


IIa = < '^Xiai,'^yjbj,'^ZkCk (to) 

[ \ z j k j 

Note further that 11^ C TA x TA can be described as follows. 


ai,bj,Ck G S,Xi,yj,Zk GR,m G M > . 


Proposition B.l. A point P G TA x TA is an element o/Aa if and only if 

( 1 ) {qA0PA0pT^){P) = {qA0PA0pr^){P), 

i.e. P G TA Xq^opA TA, and all the following elements of C°°{TA Xq^opA TA) 
vanish on P: 

(2) o pci -ide,, opr 2 +dAao {pa,pa), for all a G r(A*), 

(3) ^g*d/opri-(PA^p^d/)opr 2 and 

(4) iq^df o pr 2 -(PA^p^d/) o pri for all f G C°°{M). 

Proof. Any point P G TAxTA can be written P = {TmaVm+c^[am), TJoWn+df (bn)) 
with Vm,Wn G TM and a,b,c,d G r(A). Condition (1) is to = n. Condition (4) is 
equivalent to Wm = p{a{m)), and Condition (3) to Vm = p{b{m)). Condition (2) 
is satished for P = {Tmap{b{m)) + {a{m)),Tmbp{a{m)) + d\bn)) if and only if 

c = d + [a,b]. □ 


Now consider a double vector bundle 


E- 

Y 

Q - 



N-MANIFOLDS OF DEGREE 2 AND METRIC DOUBLE VECTOR BUNDLES. 


89 


endowed with a VB-Lie algebroid structure (b, [•,•]) on E —Q and a linear metric 
(•, •) on E —)■ B (hence, E has core Q*). Let pb'B^ TM be the anchor of the 
induced Lie algebroid structure on B. 

The relation He defined as above by the Lie algebroid structure on E over Q is 
then a relation Be of triple vector bundles [18] 


TE-^ TQ TE-^ E 




Li-Bland’s definition [T8| is the following. 


Definition B.2. Let (E;(3,i3;M) be a double vector bundle with a VB-Courant 
algebroid structure (over B) and a VB-algebroid structure (E —^ Q,i? —>■ M). Then 
{K, B,Q, M) is an LA-Courant algebroid if He is a Dirac structure with support in 
TE X TE. 


We choose a Lagrangian splitting E: T x m Q —t E. We denote as usual W 
{Oq: Q* —>■ ,R e Hom((5, <5*))) the induced 2-representatioi|^ 

of the Lie algebroid B, and by ( 83 - Q* —>■ T, V, A, i? G Hom(il, Q*))) the 

induced Dorfman 2-representation of the anchored vector bundle {Q,pq). We begin 
with studying the vector bundle structure of He. 


Proposition B.3. The image of He under {Tttb x Tttb): TE x TE — TB x TB 
is Hb- 


Proof. By (68), it is sufficient to show that the set of points 

(o-b(&i) + tI, aB{b2) + tI, CTBibs) +T])(gm) 
for 6i,&2j^3 S r(i?), ti,T2,T3 G r((3*) and Qm & Q projects under {TttbjTttb) to 
IIb. It is easy to see that {TTTB,TTrB){{aB{bi)+Tl,aB{b 2 )+T^,aB{b 3 )+rl){qm)) = 
{bi,b2,b3){m). □ 


It seems at this point useful to enumerate the sections of E —T, of E —>• Q, 
and of TE TB that we are working with here. Recall that after the choice of 
a Lagrangian splitting E: Q Xm B ^ the vector bundle E — Q is spanned by 
sections asib) for all b G T{B) and for all r G r((5*). We have used those sections 
to define He, as the relation that the Lie algebroid E —)■ Q induces. 

In the same manner (and with a slight abuse of notation), the vector bundle 
E —)■ R is spanned by sections <JQ{q) for all q G r(Q) and ri for all r G r(Q*). 

As a consequence, the vector bundle TE TB \s spanned by the sections 

Tcrqiq), Tt\ {<JQ{q)V and (ri)^ 


always, we omit the upper indices of the two linear connections when which one is used is 
clear from its index and term. 
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for all q G T{Q) and r G r(Q*). (Recall that for a vector bundle E M, and a 
section e G TMiE), the section is defined in (10).) Since E —>• R has a Courant 
algebroid structure, its tangent double has a natural Courant algebroid structure, 


see the proof of Theorem 6.11 


Proposition B.4. For 61 , 62,^3 € r(i3), ri,T 2 ,T 3 G r((5*) and q G r((5), the pair 
Tq(m) (cTBibl) + b (|(ctb( 62 ) + (^(w))^ 

+ (^ cTBih)+Tl,aB{b2 )+tI + CTBibs) + rl'j {aB{bi) + Tl){q{m)) 
(o-b(& 2) + T-]) b (^(aB{bi) + {q{m))^ 

+ (c^b(& 3) + T-]) ((0-3(62) + iq{m))j 

is equal to 

Tb^im) {crQ{q)+Tl'^ (T^biPBib 2 )im) + [bi,b 2 ]'^{bi{m)) + bl{bi{m))j 
+ (-o-Q(Vb29) - R{bi,b2)q^ + r] + Vb^r^ - + aQ{dQT2)^ {crq^q) + (61 (r 

^n^Tb^im) (o-Q(g) +r2^) {Tmb2p{bi){m) + bl{b2{m))) 

+ (-c^Q(Vbig) + 4 + cTQidQTi)^ {(^Q{q) + Tl){b2{m)). 

Proof. This proof is tedious, but straightforward. To show that two vectors on 
E are equal, we evaluate them on linear and pullback functions in (^““(E). We 
identify E with E^^R using the linear metric. We consider the four types of functions 
on E: iaQ{q), t^b^P and Tr^glj/ for all q G r(Q), t G r((3*), /3 G T{B*) and 
/ G C°°{M). Recall that the horizontal lift ctq,* '■ r(Q**) -G rQ(E^) can be defined 
by (o-Q**(g), 0 - 3 ( 6 )) = 0 and (erg., (g), rl) = qqiq.T) for all q G r((5), r G r(Q*) 
and 6 G r(R), where we identify Q** with Q via the canonical isomorphism. The 
sections of E over Q define linear functions on E and we have t„* (g) = ^(,Q{q) i 

^/ 3 t = 7 r^^/ 3 , t^q^t = 4t and = n*Bq*Bf for all q G r((5), r G r(Q*), 

/? G r{B*) and / G C°°{M). We use these equalities of functions to prove the 
equalities of vectors in Proposition B.4 The details are left to the reader. □ 


The last proposition was quite technical, but it yields useful and relatively simple 
sections of He —>• IIb: 

(69) ((r'l')''opri,(r''')''opr2) , 

(70) (Tr'f opri -(Vp^opr^r'l')'' o pri, o-g(aQT)^ opr2) , 


(71) ((Vp^opiiT'''+ crQ(aQr))^ o pri, Trl opr 2 ) 

and 

(72) o Pi'i PBopr.^q) + R{pb o pri,PB o pr2)g)'' o pri, 

Taqiq) o pr 2 -{crgC^pBopr^q))'^ o pr 2 ) 

for all q G r((5) and t G r((5*). Now we study the compatibility of He with the 
metric on E — B. 
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Theorem B. 5 . The vector bundle He —>■ IIb is maximal isotropic in TE x TEIn^ —>■ 

*/ and only if 

(1) dg = d*Q, 

( 2 ) (V'^)Jr = r for all b G T{B) and t € r(Q*), and 

( 3 ) 62)91,92) + (i?(6i, 62)92,91) = 0 for all 61,62 G r(B) and 91,92 G 

r(Q). 

In other words. He —> IIb is maximal isotropic in TE x TEjn^ -G IIb if and only 
if the 2 -representation {dq: Q* -G ^ i?) is self-adjoint. This yields the 

following result: 

Corollary B.6. The VB-algebroid structure on E —>■ Q *5 compatible with the linear 
metric if and only if Be —>■ IIb is maximal isotropic in TE x TEIn^ —>■ n^. 

Proof of Theorem \B.h\ The vector bundle TE -G TB has rank twice the rank of 
E —7, T. Hence, we have rank(TE x TE —>■ TBxTB) = 2 ■2 - (rank(Q) -|-rank(( 3 *)) = 
8 rank(( 3 ). It is easy to see that He —>■ H^ has rank rank(( 5 ) -|- 3 rank(( 5 *) = 

4 rank(( 3 ). Hence, it is sufficient to find when He —t Hb is isotropic in TE x TEIn^ —t 
Bb- 

The pairing 

+ Xi) + (-ctq(V 629 i) - i?(6i, 62)9! + O'! + - V^^Xi + , 

T (o-q( 92 ) + X2) + (-o-q(V 6292) - i?(6i, 62)9! + 4 + - Vb^xl + c'q('9qt'2)) ) 

(T6i + ([6i,62] + 63 )^)(pb( 62 )) 

-{t (o-q( 9 i) +t/) + (-crQ(Vbi91) -Hcrj +ctq( 5 qxi)) , 

T (ctq( 92 ) +T2^) + (-CTQ(Vfci92) -hcrj +CrQ( 5 QX 2 )) ^ (T62 -h 63 )(ps (6i)) 

equals 

( 73 ) 

Pb(&2)(xi, '72) + Pb(&2)(X2, 9 i) - PB(&i)('ri, 92) - Pb(&i)(t-2, 9 i) 

-(V 62 9i,X2) - {R{hiM)qi,q2) + (Vbiri,92) - (V62 Xi,92) 

p{dQTi,X2) - (Vf,2 92,Xi) - {R{biM)q2,qi) + (Vf,ir2,9i) - (V62X2,9 i) + (3qT2,Xi) 

+ (V6i9i,t- 2) - (i9QXi,r2) -f (Vf,i92,ri) - (i9qX2,ti)- 

This vanishes for all 6i, 62 G T{B), 91,92 G r(( 5 ), Xi, X2, n, T2 G r(( 5 *) if and only if 

• (setting 61 = 62 = 0, 91 = 92 = 0, X2 = n = 0) 

{dQT 2 ,Xl) - {dQXl,T 2 ) = 0 

for all Xi,t' 2 G r(( 5 *), which is equivalent to dq = dq. 

• (setting 62 = 0 , 92 = 0 , xi = X2 = n = 0 ) 

-pB( 6 i)(r 2 , 9 i) -I- (V&ir 2 , 9 i) -|- (Vbi 9 i,T 2 ) = 0 

for all r2 G r(( 5 *), 9i G r(( 5 ) and a G r(i?). This is equivalent to = 

VfjjT for all T G r(( 5 *) and 61 G T{B). 
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• Using the two equations found above, several terms in ( 731 cancel. This 
yields &2)9i, 92) - &2)'72,91) = 0 for all 61,62 G r(S) and 

91,92 e r(Q). 

□ 


Hence we have found that the second condition in Lemma 15.31 is satisfied if and 
only if (E —>■ Q; H —)■ M) is a metric VB-algebroid. We study the remaining two 
conditions in Lemma 5.3 on the sections ( 69 ), ( [ 70 | , ( [ 7 l| ), ( f^ . 


Theorem B. 7 . The anchor PjigxTE sends He to TH^ if and only if 

( 1 ) pb o Qb = PQ o dq, 

(2) (9B(Vhr) = [6 , ^bt] +VdQrh, 

( 3 ) [pb(6), pqiq)] = Pgi^tq) - PBC^qb) and 

( 4 ) 5 Bi?( 6 l, 62)9 = —Vq[6l, 62] + [Vg6l, 62] + [61, Vq62] + ~ ^Vh^qb2 

for all 6, 61,62 G r(i 3 ), q G T{Q) and t G T{Q*). 


Proof. First note that, by construction, the map 

T{qB opB o prj) - T{qB ops o pr2): T{TB x TB) TM 


sends the images under P^e^^e types of sections to zero. That is, we 

have P 7 TExTE(nE) U T{TB X-q^ops TB) by construction. Hence, the anchor P^exte 
sends He to THg if and only if /ftpExTE applied to our four special types of sections 
annihilate all the M-valued functions in Proposition |B. 1 | 

The anchor of ((rt)^ o pri, (rt)^ o pr2) is 

((0(rt))t o pri, (0(rt))t o pr2) = ((Ssrtf o pri, o pr2) 

for T G r(Q*). This vanishes on all the functions defining Hb- The anchor of 

(Trt - ,aQ{dQT)^) ((61,62, 63)(m)) 

is 

^[aBrt,-] - (aBVb^r^)^, ((6 i,62,63)(to)). 

This derivation, which we call here X sends d/ o P^i —{PB^pidf) ° P’^2 to 0 . We 
have further 

Xiiq-^df o pr2 -(Ps^sd/) o pri) = XaQr-{q*Bf){b2{m)) - (Obt)^{ ip*^df){bi{fn)) 

= (pq5qt)(/)(to) - {pBdBT)if)im). 


This vanishes for all / G C°°{M) and all m G M if and only if pBdB{T) = pqdqy. 
Finally, a computation yields 


X{£dii3 o pri -b^dip ° pr2 +dB/3 o {pb,Pb)) 

= (/3, -dBXb^T + VoQTb2 + [62,i9bt]) + {pbObt - pQdQT){f3,b2){m). 

We find hence that X vanishes on all the functions defining Hb as in Proposition 


BT] if and only if [62,9Br] = 5B(V&2r) - XaQrb2 and pbOb^t) = pQdqir). 
In a similar manner, the anchors of the elements of the type 


((VaT-t + aqidqT))^, Tt^) ((a, 6, c)(m)) 

annihilate all the functions in Proposition |B. 1 | if and only if pqdq = Pb^b and 
dBXbT = [6, 5 bt] PXaQrb for all 6 G r(i?) and r G r(( 3 *). 
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The anchor of 

(raqig) - + R{bi,b2)q^Y ((&i, &2,fe3)(w)) 

is 

+ dBR{bi,b 2 )q^^ , Vq-,- - ^ ((&i, 62 , &3)(to))- 

We call this vector Y. Applying Y to d/ o pri “(Ps^p^d/) o pr2 yields 
^£^.qidf {{Tbi + i[bi,b2] + c)^)pB{b2)im)) 

- (<ZBd/, V^-+5Bi?(6i,62)<7^)(6iM) - ^(£p^d/)(&2M) 

= 4Bd(pQ(g)(/)) {{Tbi + {[bi,b2] + c)^)pB{b2)im)) - pQ{Wb^q){f){m) - (V*(pBd/), 6„) 

= PB{b2{m))pQ{q){f) - pQ{Vb2(l)if)im) - PQiq{m)){pBdf, 62) + (pBd/,V,52) 

= (d/, [pB{b2),PQ{q)] - pqiWb^q) + PB{^qb2)){m) 
and applying Y to d/ o pr2 -{p*B^p‘gdf) o pr^ yields 

(d/, [pB{bi),pq{q)] - pqiWb.q) + PB{^qbi)){m). 

Now we apply Y to ° pri —^dtp o pr2 +dB/3 o {pb,Pb)- Let <i>i be the flow of 
Vg- G X(i?), and (pt the flow of pq{q) G X(M). Since for each t, is a vector 
bundle morphism B B over (j)t, we can define for each section b G r(i3) a 
new section 6* G r(i?) by b*{m) = ^t{b{4>-t{'m-))) for all m G M. We find that 
Y (^d£p o pr^ -iMp o pr2 Ads/S o {pb,Pb)) equals 

^B^dip {(Tbi + {[bi,b2] +b3)^)pB{b2){m)) - (d^/j, Vv^^g- + dBR{bi,b2)q''){bi{m)) 
-i£^dep {{Tb2 + b^)pB{bi){m)) + {dep,Vv,^q-)ib2{m)) 

+ ^ dBP{bl{m),bl{m)). 

The first term is 

{(Tbi + (h, 62] + b^r)pB{b2)im)) = pBib2{m)){V*ql3, 6i) + (V*/3, [5i, 62]+&3). 
The second term is 

dBRibi,b 2 )q))ibi{m)) = bi{m))-{l3, dBR{bi,b 2 )q){m). 

The third and fourth terms are 

{(Tb2 + b^)pB{bi){m)) = -pB(5i(m))(V*/?,52) - {^\pM){m) 

and 

^v^^^,/3(62(m)) = (V^,^/,62)(m) 

and the fifth term is 

+ 4 {PB{b\){P,bl) - PB{bl){l5,b\) - (/3, [&*i,&2])) (^tM) 

t^O 

= - pB(Vg&i(TO))(/3, 62) - PB{bi(m)){j3,Vqb2) 

+ pB(Vg62(m))(/3,61 ) + pb(& 2 (w))(/ 3, Vg6i) + (/3(m), [Vg6i,62] + [6r, Vg62]) 

+ pqi^qim)) (pB(fei)(/3,62) - PBib2){l3,bi) - (/3, [&i,&2])) • 
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Hence, we get 

(/3j 62] + ~ dBR(bi, 62)9 — Vvfcj^g^2 + [Vq6i, 62] + [^i; ^562]) (w) 

+ {[PB{b2), PQiq)]{m) - pB{Vb 2 q{'m)) + Pb(V, 62 (to))) (/3, 61 ) 

+ (-[pb(&i),Pq(< 7 )](to) + pQ(Vf,ig(m)) - pb(V,6i(to))) (^,62) 


Hence, we find that the anchors of sections of type (72) vanish on all the functions 
defining H^ as in Proposition |B.1| if and only if 


[PBib),PQiq)] = PQ(Vbg) - PBi^qb) 


and 


dBR{bl, ^2)9 — —V,[6i, 62] + ~ ^Vbiqb 2 + [Vq&i, 62] + [^1, Vq&2] 

for all 6 , 61,62 € r(i?) and q G r((5). 


□ 


Proposition B. 8 . Assume that dq = dq. The Courant brackets of extensions of 
any two of the special sections of He —>■ Hb restrict to a section of He -gHb if and 
only if 

(1) (AaQ^^T2 - ^dBr^H) + = p^d(ri,^gTz), 

(2) dq{AqT) = VoBrq+ fq^dqrj +a|j(r,V.g), 

(3) dBR{bi,b 2 )q = —Vq[ 6 i, 62 ] + [Vg 6 i, 62 ] + [bi,'^qb 2 ] + ~ ^Vh^qb 2 , 

(4) R{q,dqT)b- R{b,dBT)q = AqVbT-VbAgT + - {Vv.bq.r), 

(5) dqR{qi,q2)b = —Vb|gi, 52 ! + I^i) V;,g2l + [V^gi, 92 ! + — Vvg^bQ2 + 

d*B{RiGb)qi,q 2 )- 

( 6 ) 

Vb 2 R{qGq 2 )bi - VbiR{.qi,q 2 )b 2 + i?(gi,g 2 )[^i,& 2 ] 

+ Rby b^qiT q2)b2 + R{qi,^biq2)b2 — R{^ b2qij q2)bi — R{qi,W b2q2)bi 
+ Aq^R{bi, b 2 )q 2 — Aq^R{bi, 62)91 — 7 ?( 6 i, 62)191,92I 
- 61,62)92 - i?(6i,Vqi62)92 + i?(V,26i,62)91 - R{bi,Vq^b2)qi 

= (i?(6i, V.62)9 i, 92) + (i?(V.6i, 62)91,92) - pQd(i?(6i, 62)91,92). 

for all 6 , 61,62 e r(B), 9 , 91,92 G r(( 5 ), T,ri,T 2 G r(Q*). 


In order to prove this, we need to extend the four types of sections (69), @,@,([7|) 
to sections of TE x TE —>■ TB x TB. 


Lemma B.9. (1) The sections of type (69) are already restrictions to H^ of 

sections ((rf)^, (rf)^) G rT_BxrB(PE x TE), r G r(Q*). 

(2) For X G r((5*), the vector bundle morphism V.y: B -G Q* can be written 


V-X = Xz 

2=1 


with some € r{B^) and Xii ■ • ■ ^Xn ^ r(Q*)- The section 


{Tx\0) - J2^PB°P^2)*k, ■ + (0,crQ(dQx)'') 

2=1 

o/TE X TE TB x TB restricts to (Tx^ - (Vp^opr^X^)^: o'q(5qx)^) on 
Hb- 
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(3) In the same manner, for t € r((5*), the morphism V.r: B —^ Q* can be 
written 

k 

V.r = ^£, 


^T]i ‘ I 


2 = 1 


with some rji,... ,r]k € r(i 3 *) and ti, ... ,t„ G r((5*)- The section 


A) 

(ctq(5qt)'',0) + '^{pb o WiT + (0,'rT^) 

2 = 1 

o/TIE X TE —>■ TB x TB restricts to ((Vp^opri'T'^ + aQ{dQT))^ ,Tt^^ on 

IIb- 

(4) Finally, for q G r((5), the morphism V.g: B ^ Q can be written 

i 

v.q = 'y ' • Qi 

i=l 

with some 71 ,..., 7 ; G T{B*) and qi,... ,qn G r((5), and the tensor R{-, ■)q: Bx 
B ^ Q* can be written 

m p 

R{bi,b2)q = y^^^/ai{bi)tp.{h2)Tij 
j=ij=i 


with some ai,... ■ ■ ■ ,Pp S T(B*) and Tij G r((3*), i = 1,... ,m, 

j = . ,p. The section 

i i 

{T(JQ{q),TaQ{q)) - '^{PB ■ {{aQ{qi))^ ,0) - '^{pb opif)* ■ {Q,{(JQ{qi)V) 

2=1 2=1 

771 P 

-^^{PBOpT:^)Ha,{pBOpi2)Hfi^ ■ ((4)'',o) 
i=l 3 = 1 

restricts to 

(TfJqiq) - {crgiS/p^opr^q) + R{pb o pr3,pB o ^Tagiq) - {<JQ(^pBopr^q)V) 

on IIb. 


Proof of Theorem \B.^ We compute successively the Courant brackets of the exten¬ 
sions of our four special types of sections. The Courant bracket of the extension S 
of 

T (cTQiqi) + xl) + (-c^q(V PflOprj?!) Ti{pB OpT^,pB OpT^)q\-\- 

+ opr~ ^Pb opr2^1 + crQ(' 9 Qn)) , 

T (c^gfe) -b (-crQ(V PfiOpri qi) + 0 - 1 + crQ(i9QXi)^ 

with equals ^(Ag^crJ)^, (Ag^crJ)^^, which restricts to a section of 

type @ of He on Hb- Since (|s', , (4)^) ^ = Pb (f^Q(9i) + Xu dl) “ 

P*B {f^Q{qi) + = p*Bq*Bi{qi,cr 2 ) - ( 91 , 0 - 2 )) = 0, the Courant bracket of 
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B.9 


with S equals — ^(AqjCr|)^, (Ag^crJ)^ j. Hence the bracket of sec¬ 
tions of type with the four types of sections have values in He on Hs- 

Choose Xi,X 2 ,ei,T 2 S r((5*). We write 

n 

(t'xIo) - opr2)*% • ((x^)'',o) + (0,crQ(dQXi)'') 

for the extension of (^Txl — (Vp^opr 2 Xi)^ ^ ^q(^QXi)^^ as in Lemma 

m 

(tx\,Q) - opr 2)*42 • ((xf)'',o) + (0,crQ(5QX2)'') 

i=i 

for the extension of {TxI - (Vp^opr^xl)"", crQ(9QX2)^), 

k 

{(^Q{dQTiY ,0) ^Y^ipBOWiY^n] ■ (('r/V:0) -k (o,TtI'^ 
for the extension of (^(VpgopriE| -|-crQ(9(5ri))^, and 

i 

(ctq(5qT 2)'',0) +^(pBopri)*£^2 • ((r2V,0^ -k (o,Tr2^^ 
i=i 

for the extension of (^(Vpaopr^Ej -I- crQ(9(5r2))^, We find 

n 

(t'xLo) - ^(PB opr2)*4i • ((Xi V,o) + (O-ctqC^qXi)'') , 

m 

('T'xLo) - ^(PB opr 2)*42 • ((xf -k (0,crQ(aQX2)'') = 0, 

t=l 


{(TQ{dQT2V ,0) + ^{PBopTY*ip2 ■ -k (o,rr2^) 

i=i 


(CTQ( 5 Qri)^, 0 ) +^(pBopri)*£^i • -k (o,Trj'') 

2 = 1 


and 


(7’X^0) -X^(pBopr2)*4. • ((xl)'',0) -k (0,crQ(aQx)'') , 

2=1 


k 

(ctq(5qt)^,0) +^(pb opri)*£p, • -k (O.Tr^) 

k 


= {{-^dQrX^ +'DEq*B{x,dQT})'^),0) OPB oprl)*(5BX,^7^) (('ri')'',o) 
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= {{-^dQrX + p*Qd{x, Oqt) + Vobx^ + VobtX)^)'' , • 


The restriction of this to IIb is a section (of type (69l) of He if and only if 


-^OqtX + Pgdix, dqr) + X/o^x^ + dsrX = ^OqxT- 


Since using dq = dq 


(^X^0) opr2)*4, • + {Q,cJq{dqxY) . 

k 

{(^qidqr)^ ,0) +^(PB opri)*4. ’ (('^/)''.o) + (0,Tr^) 

=P*B<lB {{dQT, x) - (t dqx)) = 0, 


the bracket 


k 

(crq(dqT)^,0) + J^(pb o pri)*£^^ ■ + (O.Tr'l') , 

i^l 

n 

('^X^0) - J^(PB opr2)*^ii ■ ((xl)'',o) + (0,crQ(aQx)'') 
2 = 1 


then also restricts to a section of on 11^. 
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We compute 


{TcrQiq),TaQ{q)) ■ {i<JQ{qy)^ ,0) 

I 

i^l 

m p 

opry*£a,iPB opr^y^fij ■ > 

i=i j=i 

k 

{(^Q{dQTY,y) +Y^{pb oprl)*£ri, ■ ((t/)'',o) + (0,rr^) 

i^l 

= ((c^q(I9. ^Q'tD - R{q. dqryy, 0) 

k 

^^{{PBopry*£^.r), ■ ((r/)'',0) +(pBopri)*4, • 

i^l 

I 

+ (O.TA^r'f) + ^(gs opB opr2)*(7 *,^bt) • ((crQfe))^,0) 

i^l 

I 

+ '^{PBOpry*ej, ■ {0,{{-Aq^T + p*Qd{qi,T)y)^) 
i^l 

I 

- 'Rj^xTE'^iPB o Priy£ji{qB O PB o pi^y {Q^,T) 

i^l 

m p 

+ '^'^{PB opry*ec,.{qB OPB opi2y{dBT,Pj) ■ ((o-|j)'',o) 


i=i j=i 

We have 

i 


'^TExTE'^iPB opri)*e^yqB O PB O pr^y {qi,T) 

i^l 

I I 

= '^i.PB o pry* yyQ,VTEP*Bq*B{<li','r)) - '^{qB o Pb o pr^y {q^,T){VTEP*By.,^) 

i^l i^l 

I I 

= '^(PB opry*i^y0, {<^*dq*B{q^,T)y) - '^{qB 0 pB 0 pr 2 y{q^,T) ((0*d^^J^,O) 

i^l i^l 

I 

= '^{PB o pri)*£^.(0, ((pQd(gi,T))1')'') 
i^l 

I 

- '^{.< 1 B o pB opr 2 )* {q^,T) ((crQ((9*7*) + V*7i)^,o) . 


Hence, the bracket equals 
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k 

(74) {{crQ{lq,dQT}) - R{q,dQT)^)^,0) + o pri)*£v*r,. • 

k 

+ + (0TA,r^) 

I I 

+ '^{qB oPB o p^ 2 )*■ {{aQ{qi)y, 0 ) +^(pBopri)*£^, • (O, 

I 

+ '^{qB o PB o {q^,T) ({<TQ{^*J^) + , 0 ^ 

m p 

+'^'^{PbO pry* e^^qBapB opr 2 )* {dBT,l3j) ■ ((crlj)^,o) . 

i=l j=l 

On TB Xq^opB TB we have 

i 

ops opr 2 )*( 7 i, 5 Br) • ((crQ(( 7 *))^, O) = {aqiS/asrqX , 0 ) 

i=l 

and 

i 

ops opr2)*(%,T) ((CTQ(a* 7 i))'' ,0) = (^{( 7 Q{dB{\/.q,T)y ,0)) . 

i^l 

(Note that since (V.g,T) is a section of .B*, d%{V.q,T) is a section of Q.) Since 

k k 

6i) • Ti + ( 77 i, hi) • \Ti = ^ -{r]i, Vqhi) • + Ag ((r/^, bi) • n) 

i^l i^l 

= -VvqbiT +A^Vb^r, 

we find 

k 

((PB opri)Vv*^. • ((t/)'', 0) + (pB opri)%. • ((A,r/)'',o)) {hiMMym) 

i^l 

= (((-Vv,&iT + AgV&.r)'''), o) (5i, 62 , 63)(to) 

at (61,62,^3) (to) = (('r^l+([^l,^2]+fe3)^)(PB(&2)(TO)), (r&2+&U(PB(&l)(TO))) € IIb. 
Note also that 


and 


i 


I 

-Avt^gT + T)p*Qd{ji, bi) 

2 = 1 


I 

5^(9»,t) • (V*7i,6i) 
2=1 


I 

-(Vv.&ig,r) +5]]((7i,r)p^d(7„6i). 

2=1 


The bracket is hence at (6i, 62, ^3)(?Ti) G 11 ^: 


^crQ(l9:5QBl)''+o-Q(VaB^g)^+CTQ(aB(r, V.g))^ + (-i?((7,aQr)5| + R{bi,dBT)q'^ + 
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- (^Vv,biT'''+ (t, - ^(gi,T)p^d(7i,6i)'l’^ , 

rA,T'l'+ ^ ((6i, &2, &3)M). 

This is an element of 11® (of type ([69|+((7l|)) if and only if 

dq/^qT = |g,9QT] +V9^rq + dB{T,V.q) 

and 

-i?(g,5QT)&i+i?(6i,aBT)g+AqVbjr-Vv,hi'r-(T, Vv.bi?) = -Avt^gr+Vbi A^r. 


Choose finally gi, 92 G r(( 5 ). We write 

(75) (TcrQ((7i),TcrQ(gi)) - ^(PB opr 2 )*% (crQ(g,), 0^ 

i 

OV^lT ^a^{PB OW 2 T hi • -'^{pBOWiTh (0:CrQ(%)'') 

k I i 

for the extension of 

(Taqiqi) - (crQ(V PBopi' 2 'l'i) R{pb o pri,PB o pr2)(7|)^, TaQ{qi) (o’Q(Vp^opri9i)) 

and 

(76) {TaQ{q2),TaQ{q2))-'^{pBOW2)*h3 (o’!?(’’j)> O) 

3 

-^Y^(.PBopT:i)*hsi.PBOW2)*h - ^{pBOWiTh, 

s t j 

for the extension of 

(t'o-q (92 ) - (ctq (Vpg oprs 92 )+ ^(PB O Pri, PS O Pr 2 ) 9 ^ ) ^ , To-q (92 ) - O-Q (Vpg opri 92 )"" 
The bracket of these two extensions equals 

(To-q( 91 ),r(TQ(91)), (TaQ{q2),TaQ{q2)) 

- {Tcrqiqi), Taqiqi)) ,'^{pB opr^ye^^ (o'Q(^i)'': O) 

j 

- (Taqiqi),Taqiqi)) ,'^'^ipB o pi:y*e^ypB o pry*est (xlt'^.o) 

S t 

- iTaqiqi),Taqiqi)) ,'^ipB opiy*e^^ {0,crqirj)^) 

j 

- l^iPB opT 2 )*ki {^Qiqi)^ h) ,iTaqiq 2 ),Taqiq 2 )) 

i 

- l^'^iPB o pry* iahPB o pi- 2 )* hi ■ (rh'" ,0^ ,iTaqiq 2 ),Taqiq 2 )) 

k I 

- hi^^qiqi)"^) iiTaqiq 2 ),Taqiq 2 )) . 
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(The remaining terms all vanish.) This is 

(T{aQ{lqi,q2l) - R{qi,q2)),T{aQ{lqi,q2l) - R{qi,q2))j 

- R{qi,rj)^ , 0 ^ 
i ^ ^ 

- J2^Pb opr 2 )* 

3 

(pBopr2)*ts, (xlt"": 0 ) -^^{PBopr^yi^^ (PBopi'2)*^V*^5t (xL"" > 0 

s t s t 

- J2J2^Pb ° P^iT^-fsiPB o pry*£st (a^ixL^'-O) 

s t 

-^{PBopry*{£>,(JQ(rj)^)-^{pBopvy*£r,^ ^ 0 , (aQ{lqi,rjJ) - R{qi,rj) 

3 3 ^ 

+X!(P^°P^ 2 )*'^V*^{i (CTQ(g*)'',0)+^(pBOpr2)*% f(o-Q( 192,9*1) -i?(92,9*)) ,0 

i i ^ 

-^TExTE (^iPBopTy*£^, {crQ{q^)'^,0) ,{TaQ{q2),TaQ{q2)'^ 

+J2J2(pB°p^i)*^c,k (PBopr^yev-^Pi ■ (o-L "". 0 ) +J2 (pB°p^2y^p, ■ (4/ "" > o) 


k I 


'^'^{PB o pry*ec,yPB o pr 2 y£pi ■ ( 


A92 o'fe/ ) 0 


-V, 


TExTE 


'^'^{PB o pTy*eo,ypB o pr^yep, ■ {crh'' , 0 ^ ,{TaQ{q 2 ),TaQ{q 2 ))\ 


k I 


/ 


+X!(p^°P^ 2 )*^V*^{* ( 0 , crQ(gi)'')+X!(Psopr 2 )*% f 0 , {aQ{lq 2 ,q^l) - R{q 2 ,qi) 

i i ^ 

~ ^TExTE °P^i)*'^«- (0>crQ(9*)'') , {T<JQ{q2),TaQ{q2)^ . 

We evaluate this at (&i, & 2 , & 3 )(w) = {{Thi + ([ 6 i, 62 ] + h)^)iPB{b 2 ){m)), {Tb 2 + 
b^){pBibi){m))). We have 


-X1^^2,?7j)l9i,»'J - '^{b2,Vypyrj = ^(-|gi,(&2,??j) • r^] + (pq(9i)(^' 2, ?7j) - (^ 2 , V*^??^)) • rj) 

3 3 3 

= -[ 91 , V& 292 I + Vv,j6292 

and in the same manner 

EE((v; ')sM){btM)Xst + {bi,js){b2,VySt)xst + {bi,-fs){b2,St)Ag^Xst) 

S t 

=EE i-{Xs,'^qibi){St,b2)Xst - {bi,Xs){St,yqib2)Xst + PQiqi)ihs,bi) ■ (^t,&2)) + {bi,-fs){b2,6t)Ag 

S t 

= — i?(Vgj&i, 62)92 — R{bi, Vqj62)92 + Agj {R{bi, 62)92). 


Xst) 
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We also have (E*(pb o pr 2 )*% {(JQ{qtV ,Q) ,{TaQ{q 2 ),TaQ{q 2 ))) = 0 

and 


TExTE 


'^^(PBOWi)*^adPBOW2y^fii ■ ,{TaQ{q2),TaQ{q2))\ 

\ k l / 

= ~^TlxTE ^Oik • (PB opr2)*£ft • {qs OPB opri)*(rfei,g2)^ 


= 51 ° Pri)*^«fc • iPB o pr 2 )*£ft • {{p*Qd{Tki,q2y) "" , o) 

k I 

+ '^'^{PB opy2y^fSi ■ {qB OPB OWiy{Tkl,q2) ■ (^(crgidsak)+ V*ak^ , 0 ^ 

■ LB0PB0pri)*(Tfc/,(72) • (^0,(aQ{dBPi)+ V*l3j^ ^ 

which is 

X! 51 ^“'=’ ^2)- ((pQd(Tfcp 92 )''’)"" , 0) + (^(crQ(aj(i?(-, & 2 )gi, 92)) - {Ry 7 .bi,b 2 )qi,q 2 y) "" , o) 

k I 

+51 ^2)-(Tfei, 92)- ((pQd(afe, 6i)'l') , 0) - (0, {aQ{dB{R{bi,-)qi,q2)) - (i?( 5 i, V.&2)gi, g2)'*') 

fc I 

-^^{akM) • ('rfei,g 2 ) • ( 0 , (pQd(/ 3 i,& 2 )■'■)'') 

fc i 

at ( 5 i, 62, 63)(m). We evaluate the bracket at (61,62, &3)(w) and reorganize the 
terms to get 


(TaQilqi,q2l) -TR{qi,q2)by - {R{qi, q2){[bi,b2] +c)'l')'' , Tcrgd^i, 52!) -TR{qi,q2)b2^ - 92)0''') 

+ (-o-Q(l9i > 92!+0-Q(Vv,^6292+crQ(|(?2, Vb,gi 1) -erg(Vv,^6291(^B(-R(• ^2 )91,92, 

-ciq(I9i, Vbi(?2l)''+o-g(Vv,^6i92)''+o-g('9B(i?(&i,-)9i,92))''+CTg([g2, Vbigil)''-crg(Vv,^bi9i)'') 

+ ^(^(9i) Vb 2 (Z 2 )^i^)^ + 62)92 + -R(^i7 ^ 91 ^ 2)92 ~ ^91 (-R(^i; ^ 2 ) 92 )^) — (^( 92 , Vb2(7i)6id^, 0^ 

+ (0,(i?(9l,VbW2)fe2^)^) + (^(-i?(V,2 6l,62)9^-^’dl,V,2 62)g^+A,2(i^(6l,62)9l)^)^0) 

“51 ^2)-((pgd(rfc;, 92)''') "" , o)-5^ 5 Z(/ 3 /, 62)-(Tfc/, (72)-((pgd(afc, 6i)'l') "" , o) 

k I k I 

+ (((i?(V.6i, 62)91,92)^) 5 0) -(0, ((i?(6i, V.62)9 i, 92)^)") - (^0, (i?(g2, Vb,gi)62t) 

+ 5I5I^“'=’^1^ ■ (^fcP 92 ) • (0, (pQd(/3i,62)^)'') 
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This is an element of He if and only if 

- ^bAqi,q2l - dQR{qi,q2)bi 

= - [9i7Vbig2l + Vv,jbig 2 + d%{R{bi,-)qi,q 2 ) + |g 2 , Vb^qi] - 
= - [<71, Vbig2l + Vv,jbi92 + d%{R{bi, •)<7i,<72) - l'^biqi,q2j - Vvg^bigi 

and 

— Wb^R{qi, 52)^2 + Vb2i?(gi, (72)^1 ~ R{bi, & 2 )[ 9 i 7 92I ~ R{qij 92)^3 

- (i?(6i,V.62)91,92) - ^(92, Vbi91)62 

+ '^'^{o^k,bi) ■ {'rki,q 2 ) • PQd(/ 3 /, 62) + i?( 9 i,Vbj 92)62 
k I 

= —i?(9i, 92 )([ 6 i, 62] + 63) + R{qi, Vf,292)6i + R{\ 7 qAi, 62)92 + ^(^ii 62)92 

- A,^(i?(6i, 62)92) - i?(92,Vb291)61 
- i?(V,26i, 62)91 - ^(61, Vg262)9i +Aq2(i?(6i, 62)91) 

■ (^*’^2) •pQd(rfez, 92 ) 

I 

2) ■ {rkhq2) * /?Qd(afc,6i) + (i?(V.6i,62)(?i,^2)- 

fc i 

The last equation can be rewritten 

- Vbi7^(91,92)62 + Vb2i?(9i, 92)61 - i?(6i, 62)191,92! - ( 7 ?( 6 i,V.62)91,92) 

- i?(92,Vbi91)62 + i?( 9 i,Vf,i92)62 

= - 77(91,92)[61,62] + 7?(9i,Vb292)61 + 7 ?(V,i61,62)92 + 7 ?( 6 i,Vqi62)92 

- ( 7 ?( 6 i, 62)92) — 77(92, Vf,2 9 i) 6 i — 77 (Vg 2 61,62)91 — 77 ( 6 i, Vg2 62)91 
+ Ag2(77(61,62)91) - PQd( 77 ( 6 i, 62)91,92) + ( 77 (V. 6 i, 62)91,92). 

With (DS6), this is 

-R( 9 i,g 2 )[ 6 i, 62 ] - 77(61,62)191,92! 

- Vhi77(91,92)62 + 77 (Vbi91,92)62 + -R( 9 i,Vbi92)62 
+ Vh277(91,92)61 - 77(Vb291,92)61 “ -R(9 i, Vb292)6i 

+ Agj (77(61,62)92) — 77 (Vgj 61,62)92 — 77(61, Vgj 62)92 
— Ag2 (77(61,62)91) + 77 (Vg 2 61,62)91 + 77(61, Vg2 62)91 
= -/3Qd(77(6i, 62)91,92) + ( 77 (V. 6 i, 62)91,92) + ( 77 ( 6 i, V.62)91,92)- 

□ 

Appendix C. Proof of Theorem 18.151 

Note that in the following computations, we will make extensive use of the identity 
5 q = 9 q without always mentioning it. We begin by proving the two following 
Lemmas. 

Lemma C.l. Consider an LA-Courant algebroid (E, Q, B, M). The bracket |-, •!q* 
on sections of the core Q* satisfies the following equation: 

R{dBTl,dBT2)q = - Ag|Ti,T2!Q. + |AgTi,r2!Q. + |ti, AgT2!Q. 

+ - Ava^,^gT2 - Pg d (ti , ^2 9) 


( 77 ) 
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for all q G r(Q) and ti,T 2 G r(Q*)- 


Proof. The proof is just a computation using (Ml) and ( 53 ). We have 


A,|n,r2lQ. - |AgTi,r2lQ. - |Ti,AgT2lQ. 

- Ava^^^qTi +pQd(ri,Va^^,g) 

— AqAgQTj^T2 AgVa^TjTi + ^Sbt’2A|jTi A^g.^! AqT2 

+ Va^(A,r2)n + Ava^,^gr2 - + Pq^{'^i>'^0bt2<i} 

Replacing A,A 9 gi-jT 2 - Aa^.^ A,T 2 by i?A(g, 9 qti)t 2 + Aig^g^.ri}T2 and reordering 
the terms yields 


RA{q,dQTi)T 2 + ^lq,^QT^l-^Q{A,T^)+VaB^l<l '^2 - AgVagrsn + Va^raAgTi 
^dB(AgT2)'Tl ~ Ayg^^^qTl + Pgd(Tl, Va^Tjlj). 


Since Ra( 9 , i 9 qei)t 2 = R{q, dQTi)dBT2 by (D 4 ), we can now use ( 53 ) and Vgods = 
Ob o ■ 


‘ Aq to replace 


RA{q, dQTl)T2 - Aq\/ggr2Tl + dBr2^qTl “ Avg^^^qTl + Vv^OBrsTl 


by 


-(Vv.aBr 29 , a) + R{dBT 2 ,dBTl)q. 

We use (Ml) to replace A|,_ag.rii-aQ(A,Ti)+Va^,^ 9 'r 2 by -Ag*^i^ruV.q)T2- These two 
steps yield that the right hand side of our equation is 


- (Vv.aBr29,n) +i?(aBr2,i9BTi)g- A9.(.ri,V.g>T2 + PQd(Ti, Va^T-^q). 

To conclude, let us show that 

-(Vv.aBTsl^n) - Aa.(.ri,v.9>T-2 + PQd(Ti, VaBr2g) e r(Q*) 

vanishes. On q' G r(( 3 ), this is 

- (Vv,,(aBr 2 )'?)n) + {ld*B{V.q,Ti),q%T 2 ) +PQ(g')(n,VaBr 2 <?) 

= - (Vv,,(aBT2)'?,n) + {Aq,T 2 ,d*B{{\ 7 .q,Ti))) 

= - (Vv,/(aBT2)'?j''‘l) + (SdB(A^,T 2 )q^Tl) = 0- 

We have used ([ 47 |)pQ o 9 |j = 0 and the duality of the Dorfman connection with the 
dull bracket in the first line, as well as for the first equality. To conclude, we have 
used 5 b o Aq! = V,/ o 5 b by (Dl). □ 


Lemma C. 2 . The bracket on Q* satisfies 
( 78 ) IPQd/,rlQ. =0 

for all f G C°°{M) and t G r{Q*). 


Proof. We have Aq(pQd/) = pgd(pQ(g)/) by the definition of a Dorfman connection 
(Definition | 5 . 4 | ). 

By ([^, we have [pQd/,r]Q. = VaBpjd/r - AaQr(pQd/) + p^d((pQ 5 QT)/). 
Since 5 b/Oq = 0 by (|^, and Aag^(p^d/) = p^d(pQ( 5 QT)(/)), the bracket 
[PQd/,r|Q* is 0 . □ 
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Now we check that the bracket |-, •]« in Theorem 8.15 is well-defined. We have 
for all V € r(U°), T € r(Q*) and u € r(I7): 


IuQt, (- 9 qu) 0u| = {-lu,dQv\u + ^dsA-dQv) - V 

® (It, uIq. -f - A_0q^t + p*Qd{T, -dQv}) 


By (Ml), the properties of 2-representations and (521, this is 


(-5q(A„i;) -f dgiv^S/.u) Bq^I g^rV 

= {-Bq^Auv) 0 V.m) - OgVo^rv) 0 {VdsTV + Auv). 

Since v G T{U°) and Vh preserves r(?7) for all b G T{B), the section (u, V.u) of B* 
vanishes and we get 


[■u 0 r, {-dQv) 01;]= (-9 q(A„i; 0 0 (Va^^-u 0 A^v). 


Because A„ preserves as well r([/°), the sum Va^TU 0 A„i; is a section of U°, and 
so |u 0 r, {—dQv) 0 u] is zero in B. 


We now check the Courant algebroid axioms (CAl), (CA2) and (CAS). The last 
one, (CAS), is immediate: 


[ui 0 n, U2 0 T2|b 0 [R2 0 T2, Ml 0 Ti|b 

= 00 (pQd(ri,aQr2) 0 pQd(ri,U2) 0 PQd(T2,ui)) =00 PQd(ui 0 ri,U2 0 T2)k 
= Vm{ui 0 ri,U2 0 T2 )b- 


Next we prove (CA2). We have, using (52) to replace |Ti,r2|Q* by —AagrsTi 0 

^dBriT 2 0 PQd(Ti, dQr2): 


([ui 0 ri,M2 0 T 2 |,M 3 ® T 3 )b 
= ([wi,U2lu + VaBriM2 - VaBT 2 Ul,T 3 ) 

+ {-AdQT 2 Ti 0 VaBTiT2 0 pQd(Ti,dQr2) 0 Au,T 2 - Au^n 0 pQd(ri, U2), U3 0 Bqts) 
= Pq(mi)(u 2 ,T 3 ) - {u 2 ,Au^T 3 ) 0 {'Vg^riU 2 “ VaBraMDTa) 

- {^dQr 2 Tl,U 3 ) 0 (VaBriT2,U3) + PQ (us) {ti , dQT 2 ) 0 (A„jT 2,M3) “ (A„2Ti,U3) 

+ Pq{u3){ti,U2) - (AagrsTl, (9Qr3) 0 (VaBriT2, dgTa) 0 PQ{dQT3){Ti,dQT2) 

0 {AuiT 2 ,dQT 3 ) - {Au 2 Tl,dQT 3 ) + PQ{dQT 3 ){Tl,U 2 ). 


We sum ([ui0ri,U2 0r2|,U3 0T3)B with (m2®T2, [M10T1, U3 0T3|)b, and replace only 
in the first summand the term {Au^T 2, dQT3) by pq(ui)(t2, 5^X3) - (t 2, [ui, dgra]). 
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This yields 

(|m 1 © Ti,M 2 © T2],U3 © T3)b + (U 2 © T 2 , |ui © Ti, M 3 © T3])b 
= Pq{ui){u2,T3) - + (VaBriM2 “ 

- {^dQT^ 2 Tl,U^) + dBriT 2 ,U'i) + PQ{u^){Tl,dQT 2 ) + “ (A„2n,U3) 

+ Pq(w3)(ti,M2) - {AoQr 2 Tl,dQT 3 ) + (T 2 , ^QTs) + PQ (5 qT3) (ti , 5qT2) 

+ PQ{ui){T2,dQT3) - (t 2 , |Mi,9Qr3|) - (A„,ri,aQT3) +PQ(9Qr3)(Ti,M2) 

+ Pq{ui){u3,T2) - + {S/ 0 BT 1 U 3 - V3a^3Mi,T2) 

- {^aQT 3 Tl,U 2 ) + {'^dBTiT3,U2) + PQ{u2){Tl,dQT3) {Au 3 Ti,U 2 ) 

+ Pq{u2){ti,U 3) - {AoQr 3 Tl,dQT 2 ) + Obti^, dQT 2 ) + PQ (SgTa) (ti , 5qT3) 

+ {^uiT 3 ,dQT 2 ) - {Au 3 Ti,dQT 2 ) + PQ (i 9 qE 2 ) (ti , U 3 ) . 

We reorder the remaining terms and replace eight times sums like PQ{dQT 2 ){Ti, U 3 ) — 
W 3 ) by (|9Qr2,U3],Ti), and, using = V*^*, three times sums like 
(VaBTiW2,T3) + (M2,Vo^riT3) by PB{dBTi){u 2 ,T 3 ). This leads to 

(|mi © ri,M 2 © T2],M3 © T3)b + (m 2 © T 2 , |ui © Ti, M 3 © T3])b 
= PQ (mi)(m 2 © T2,M3 © T3)b 

+_(J[9a53T%73|7ny+_(l[5Qj^r«slTny+jilAr^cr^^lTnT ©ilM^r^istrfD' 

+ iJItAT^*2t7ny + il[9Q©^^ + + (JdQX;^r^QT 2 l;^ 

+ PBidBTl){u2,T3) +PB(i9BTi)(r3,(9Qr2) + PB(i9Bri)(M3,r2) 

- (Vasr2Ml,T3) - (t 2 , |Mi,aQT 3 ]) - (V dBr^Ul, ^ 2 ) + (A„i T 3 , 9 ( 3 X 2 ) . 

Because |-, •] is skew-symmetric on r(t7), (|m 2 , M 3 ], ti) and (|m 3 , M 2 I, n) cancel each 
other, etc. The four last terms cancel each other by (Ml) and dg = dg. This yields 

(|mi © ri,M 2 © T2|,M3 © T3)b + (m 2 © T 2 , |mi © Ti, M 3 © T3|)b 
= (pq(mi) + Pb9bTi)(m2 © T2,U3 ©T3)b = Pb(mi © 'ri)(u2 © T2,M3 © T3 )b. 


Finally we check the Jacobi identity in Leibniz form (CAl). We will check that 
JaC|. ^.|(mi © Ti,M2 © r2,M3 © r3) = {-dgv) © V 


with 


V = {R{dBTi,dBT2)u3 — i?(Mi,M2)9 bT 3) + cyclic permutations. 


Since by Proposition | 8 . 9 | i?(Mi, M2) has image in U° for all mi, M2 € r(t7) and 62) 
restricts to a morphism U ^ U° for all 61,62 G r(i 3 ) by Proposition 8.5 
section of U° and so JaC|. _.| (mi © Ti, M2 © T2, M3 © r3) will be zero in B. 
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We compute 

||m 1 © Ti, U2 © r2l, U 3 © Tsl 

= |([m1,M21u + ^dBriU 2 “ VagraMl) © ([n,T2|Q. + Au^T 2 - A^^Ti + PQd(Ti, M2)), ^3 © T3] 
= ([[wi, 'R 2 IU, usju + {V dBTiU2 — Vagi-2^^1, M3JC/ 

+ ^9_B(|ri,T2]Q»+A„jT2— Au2Ti+Pgd(Ti,'U2>)^3 ~ '*^ 2 lc/ + ^dBTl'^2 ~ ^aBT 2 ^l)) 


n,T2lQ*,r3]Q. + |A„,r2 - Au^ti + pgddi,U 2 ),7-3]q. 

+ ^lMl,«2lt/+V8^^j«2-V8^^2«l'^3 - A„3 (|ti,T2]q* + A„^T2 - Au^Ti + Pgd(Ti,M2)) 

+ PQd(|Ti,T2lQ* + A„,r2 - Au^Ti +p^d(ri,M 2 ),M 3 )y 


Using aB[Ti,T 2 lQ. = [dBTi,dBr 2 ], Aq(p^d/) = p^d(pQ(g)(/)), 
is 


and (47), this 


(I[mi,M 21 ( 7 ,M 3 ]£/ + |Vog^,M2 - dBr 2 '^l^'U‘^\u 

^[3bti,9bT2]+9b(Auj^T 2 —A„2Ti)'f^3 ~ ^Obts '^* 2 ][/ + ^dBriU2 ~ 

© ([['ri,T- 2 lQ*,r 3 ]Q. + lA^iTa - A„ 3 ri,T 3 ]Q. 

+ ^[ui,'U2]t/+V8gTj^U2—V8gT2UiT'3 ~ Atjjdri, T2 ]q* + A„3T2 — AujTi) 

+ PQddTl,T 2 |Q. + A„,T 2 - A„3Tl,U3)y 


In the same manner, we compute 

|mi © Ti, |m2 © T 2 , M 3 © T 3 ]] 

= |m1 © Ti, dM 2 ,M 3](7 + Va^r^Ms - VOBT3U2) © dT2,T3]Q* + Au^Ts - AU3T2 + PQd(r 2 ,M 3 ))] 

= (jui, lu 2 ,U 3 lulu + lui,yaBT 2 U 3 - '^dBr 3 U 2 lu 

+ ^ObTi (1^27 'Wslu + dBT2'^3 ~ ^ dBT 3 U 2 ) ~ ^ [dB'r2,dBT3\ + dB{^u2'’'3 — ^^ 3 ^ 2 )^^ 

© (in, [t2,t3]q.|q- + [ti, A^^ra - Au3T2jQ- + pQd(pQ(5QTi)(T2, M 3 )) 

+ A„d[''‘27 TsIq- + Au2T3 - AU 3 T 2 ) + p*Qd{pQ{ui){T2,U3)) - A|„3_„3| (7 “1“ V T 2 ^3 ^ -r3 '^2 "^1 

+ PQd(Ti, |m 2 , MaJjy + VaBT2M3 - VaBr3M2)) 


Since JaC|. (mi, M 2 , M 3 ) = 0 and 5b o A, = Vg o 5b for all q G T{Q), the {7-term 
of Jac|. ,.|(mi © Ti, M 2 © T 2 , M 3 © T 3 ) equals 

1^ Mb D ^2 Va B'T 2 Ul,U 3 lu 

fo ^[9 bD,9bT2]-I-V„j 9bT2 —VujSbti^S ~ ^Obts d'^l, '^2]f7 + Bbt 1^2 ~ Ob r2'^l) 

“t I^27^dB'ri^3 

fo ^dBT 2 d^l, ^slu © ^ObU^S ^ObTs^^i) ^[c?B'ri,dBT3]-t-Vu,^C?B'r3—Vu3dBTl^2 

I'^l, ^ dB'^2^^ ^MbT3^2|i/ 

~ ^SbTi ([^^2 , Rale/ © dB'r2^3 ~ ^9sT 3’*^2) © ^[dB'r2,3BT-3]-|-V„2dBT3—Vu3dBT2^1- 

Note that since for any 5i, 62 G ©(i?), i?(&i, 62 ) restricts to a section of Hom({7, U°) 
(see (8.2 1 , the last summand on the right hand side of (M4) vanishes on sections of 
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U. By sorting out the terms and using (M 4 ) on sections of U, we get 

— RvidsTs, dBTi)u 2 — R^ipBTi, i 9 bT 2 )u 3 — R^{dBT 2 , dBT 3 )ui 

+ dQR{ui,U 2 )dBT 3 + dQR{u 2 ,U 3 )dBTi + dQR{u 3 ,Ui)dBT 2 . 

Since i?v = dq o R, this is —dgv. We conclude by computing the ( 5 *-part of 
Jac|. _.|(ui 0 ri,U2 0 7-2, Ms © 73). Again, because Jac|. (ti, r2,T3) = 0 , we get 

|A„jT2 - A„ 2 Ti,r 3 ]Q* 0 ^lui,u 2 lu +^“ A„3(|ri,r2]Q. 0 A„jr2 - Au^n) 

+ PQd(|ri,T2]Q. 0Aff0r^-Affjrr,M3) 0 |t 2, A„3r3 - A„3ri]Q. 0 pQd(pQ(aQT2)(ri, M3)) 

+ ^ll2 (I^lj ^sJq* 0 Au^Ts — A„3 7i) + Pgd{p^j(M2-)frr7M;^- A I«1 .M3I [7 +V dg TiUs — Vggr^Ui 72 
0pQd(r2,JIziiyK3|cr0 Va^riMs - Va^^sMi) - [n, A^^ts - A„ 3 T 21 q. - pQd(pQ(i 9 Qri)(r 2 , M 3 )) 
A^i(|72,73Jq* 0 A^i2 73 A^i3T2) p^^d^J)Ql;^yfJ-)'{^T2^1^>3y) ^[772,'i73l(7+V0^x2 7^3 —V0^X3 772^^1 

- PQd(Ti,J[ziayK 3|^0 Vobt-jMs - S/0BT3U2) 

The six cancelling terms cancel by the duality of the dull bracket and the Dorfman 


connection. Reordering the terms, we get using Lemma C.l 

- Ra{u 3 ,Ui)t 2 - Ra{u 2 ,U 3 )ti - Ra{ui,U 2 )t 3 
0 R{dBT 2 , dBT 3 )ui 0 R{dBTi,dBT 2 )U 3 - i?((9B7i, (9 b73)m2 

-PQd(T 2 ,dQA„ 3 Ti) 0 p^d(|Ti,r 2 |Q.,M 3 ) 0 pQd(pQ(aQT 2 )(Ti,M 3 )) 

+ PQd(r 2 , Va^riMs - - PQd(pQ(5Qri)(r2, M 3 )) - pQd(Tl,)^^^JJ,^-y^Jg^J7I5)■ 

For the third use of Lemma |C.l[ we had to replace —[72, A„3 Ti]q. by |Atj3ri, T2 ]q.— 
PQd(r 2 , dQiS.U3Ti). This is why we get the first term on the fourth line. Six terms 
cancel immediately pairwise. Using i?A = Ro ds, we get 

V + Pqdf 

with / G C°°{M) defined by 

/ = - (72,5QA„3ri) 0 {AoQriT2 - Vob^2Ti,M3) 0Pq(5qT2)(ti,M3) 

+ ( 72 ,Va^^ 3 M 3 ) - PQ{dQTi){T 2 ,U 3 ) 

= ( 72 ,-dQA„ 3 ri 0 |dQri,M 3 ] 0 Vg^j^^Ms) 0 PQ(i 9 Q 72 )(ri, M 3 ) - (Va^jT-^n, M 3 ). 

By (Ml), the first pairing equals 

-( 71 , Va^^^Ms). 

Hence, we find using V'^* = V'^* and ps o 9 b = pg o 9 q that f — 0, and so 
JaC|. _.|(mi 0 ri,M 2 0 72 ,M 3 0 T 3 ) = {-dqv) 0 v. 
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